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Abstract of “Applications of Discontinuous Galerkin Methods to Computational
General Relativity” by Scott Field, Ph.D., Brown University, May 2011

We discuss a discontinuous Galerkin (dG) method and its application to common
partial differential equations which arise in the context of general relativity. First we
consider extreme mass ratio binary (EMRB) systems. When modeling EMRBs as
perturbations of a Schwarzschild black hole, the metric perturbations are described
by the distributionally forced Regge—Wheeler—Zerilli (RWZ) equation. Despite the
presence of jump discontinuities in the solution, our dG method achieves pointwise
spectral accuracy. Particular attention is given to the common choice of trivial
initial data, and we show such unphysical specification may lead to spurious solutions
which contaminate the physical solution indefinitely. Unintended consequences of the
persistent junk solution are considered as well as a simple prescription for removing
it. Using our code we compute metric perturbations, gravitational waveforms, and

self-force measurements from both circular and eccentric orbits.

Next, we present a dG method for evolving the spherically reduced General-
ized Baumgarte—Shapiro—Shibata—Nakamura (GBSSN) system expressed in terms of
second—order spatial operators. Our multi-domain method achieves global spectral
accuracy and long-time stability on short computational domains. We discuss in
detail both our scheme for the GBSSN system and its implementation. A theoretical

and computational verification of the proposed scheme is given.

We conclude with a preliminary look at reduced basis (RB) methods for param-
eterized binary systems. Our algorithm aims to construct a compact RB space from
which a particular solution can be quickly and accurately recovered. We apply the
algorithm to compress the space of analytic chirp gravitational waveforms. Next,
the RWZ equation is revisited, and we consider extensions of the algorithm to a dG

solver along with numerical evidence that a RB space exists for EMRB waveforms.
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CHAPTER ONE

Introduction



Numerical general relativity is a young field which has seen tremendous progress in
terms of both code sophistication and algorithm development over the last decade.
During this time the simulation of large astrophysical events which emit gravita-
tional waves have been carried out, leading to new insights of the theory and sup-
porting data analysis efforts at large international experiments such as the Laser
Interferometer Gravitational-Wave Observatory (LIGO), Virgo, and the proposed

Laser Interferometer Space Antenna (LISA).

To date evidence for gravitational waves has been exclusively provided by binary
pulsar systems. The most famous example, leading to a Nobel prize in 1993, comes
from measuring the Hulse-Taylor pulsar’s orbital period over time. It was observed
that the orbital period slowly decreases in agreement with the predicted energy loss
due to gravitational wave emission. Such indirect evidence for gravitational waves
certainly provides an important test of general relativity, but the very nature of the

experiment yields only limited information.

Gravitational wave astrophysics to be carried out at LIGO, Virgo, and LISA
will provide a powerful and unique astronomical tool as Einstein’s equations give
precise predictions for gravitational wave signals. Critical to their success is the
construction of an accurate catalog of gravitational waveform templates to be corre-
lated with collected data through a process known as matched filtering. Thus, one of
the most important goals of numerical relativity is the computation of gravitational
waveforms. Of the many potential generators of gravitational waves, compact binary
coalescences, which consist of a pair of Neutron stars and/or black holes inspiralling
and merging, are considered to be one of the most promising sources. When the
masses are nearly equal it is possible, although computationally expensive, to model
the entire inspiral, merger and ringdown phases with the Einstein equation. The

(generalized) Baumgarte—Shapiro—Shibata—Nakamura ([G]BSSN) system is one nu-



merically stable version of the Einstein equation we will consider. For extreme mass
ratio binary (EMRB) systems solving the full system currently impossible. Instead
we consider modeling the dynamics with a linearized Einstein equation in the form

of the Regge-WheelerZerilli (RWZ) equations.

The GBSSN (2.91) and RWZ (2.38,2.45) equations are examples of hyperbolic
partial differential equations (PDEs), a particular classification to be considered in
Sec. 3.2. Although hyperbolic PDEs are frequently encountered throughout science,
there is no ‘one size fits all’ approach for their numerical simulation. An intelligent
choice of numerical scheme may depend on numerous considerations. Are the equa-
tions linear or non—linear? Are the solutions non—smooth, or might a non—smooth
feature develop? Are long time integrations needed? Is the geometry complicated
or simple? Some questions may be more practical. How many months or years will
it take to learn an existing code or develop a new one? With how much accuracy
can the experimental counterpart measure physical quantities of interest? Simply
by inspection, we note that the mathematical character of the GBSSN and RWZ
equation is somewhat different and furthermore these equations are often used to
describe different kinds of astrophysics. Thus we might expect different answers to

the aforementioned questions, and in particular the utility of discontinuous Galerkin

(dG) methods.

State of the art BSSN codes evolve nearly equal mass binary systems through
inspiral, merger and ringdown of the remnant single black hole using finite differ-
ence methods with mesh refinement [53, 26, 52, 119, 82/ 206, 49, 160, 86]. While
these methods represent significant, and in fact ground breaking, progress of com-
putational general relativity, dG methods have the potential to offer unique bene-
fits for a wide class of problems. First, the high—order accuracy and robustness in

the presence shocks, a hallmark feature in hydrodynamical simulations, has been



extensively demonstrated [70, 121, 224, 240, 187, 139]. Very recently, spherically
symmetric general relativistic benchmark tests were performed and it was concluded
that “discontinuous Galerkin methods could represent a new paradigm for the accu-
rate numerical modeling in relativistic astrophysics” [189]. We wholeheartedly agree,
and the work carried out in Chapter 6 is in part motivated by the advantage of dG
methods to evolve both fluid and metric variables on the same computational grid
with high accuracy. Second, a subset of dG methods known as local discontinuous
Galerkin (LDG) methods provides a natural framework for stable discretization of
second order spatial operators. Einstein’s equations naturally feature second or-
der spatial derivatives, and discretizating an enlarged first order system results in
extra computational overhead associated with the expanded system, and will intro-
duce constraint violating auxiliary fields which may spoil numerical stability [212].
These issues are easily avoided by direly approximating the second-order operators.
Finally, for intermediate and extreme mass ratio systems there is typically a large
computational burden associated with the disparate length scales in the problem. To
date the most ambitious mass ratio attempted has been 1:100 [154], which required
significant computational resources and sampled a mere fraction of the dynamics.
However, this bottleneck is mostly an artificial one. It is well known that there is a
largest stable timestep associated with explicit numerical integration of a system of
equations in time. This is known as the Courant-Friedrichs-Lewy (CFL) condition.
Typically the step size scales with the grid spacing (a finite difference scheme) or
distance between quadrature points (a dG or pseudospectral scheme). The length
scale problem is then one of a stable timestep: if we have a region which needs to
be resolved by a very fine grid, the global stable timestep is set by this particular
region. Thus, when the mass ratios are large, the inefficiency of using a global ez-
plicit timestepping scheme can result in simulations running 10% - 107 times slower!

A typical dG construction offers a novel solution. As each element is evolved nearly



independently we are free to choose different time integrators in different regions of
the grid, meaning we are no longer tied to a global CFL condition. It has been shown
that significant speedups are achievable with this approach [121, 105, 149].
Modeling EMRB systems with RWZ equations have historically relied on fre-
quency domain codes [201]. A Fourier transform in time results in a system of
ordinary differential equations (ODEs), and the source terms become a sum over
frequencies. Frequency—-domain codes are known to be very efficient for circular or-
bits where, for a given spherical harmonic index, only a single frequency appears.
When the frequency spectrum is large (in the case of eccentric orbits) or contin-
uous (realistic inspiral orbits) these codes become increasingly inefficient [177, 24]
(see [125, 5, 23] for a recent revival of frequency—domain codes). Time-domain
codes overcome this difficulty by simultaneously solving for all modes. Yet with
time—domain approaches come a new set of issues such as potentially poor phase
resolution for long integrations, resolving the particle (formally a Dirac delta), and
minimizing artificial reflections from the outer physical boundary. Over the past
decade numerous time—-domain schemes have appeared and significant progress has
been made [153, 204, 134, 61, 216, 229, 58]. Low-order methods have notoriously
poor phase resolution properties. In contrast, dG methods typically allow for very
good phase resolution. To treat the delta function some approaches, for example,
may feature replacement by narrowly peaked Gaussian and consequently suffer from
large oscillations and poor accuracy at the particle’s location. DG methods employ
a multi-domain setup and this allows for a domain matching technique to overcome
this difficulty. The key ingredient is that the singular d-terms are taken into account
as an additional numerical flux term defined at domain interfaces. There is no longer
computational overhead in representing the particle and high accuracy is maintained

at the particle’s location. Boundary conditions, although not part of a method, per



se, are an essential part of the RWZ initial boundary value problem. Using radiation
outer boundary conditions developed by Lau [143] our code is the first to remove

these artificial reflections.

The dG method is essentially unknown to the numerical general relativity com-
munity, but has been highly successful in the simulation of many other types of wave—
dominated problems, such as electromagnetic scattering [123, 121, 105, 122, 71, 72],
nonlinear hydrodynamics with Euler [70, 121, 224, 240, 187, 189] and Navier—Stokes
equations [121, 25, 150], and magnetohydrodynamics [131, 148, 230, 145]. In par-
ticular, it seems that the computational efficiency, the high-order accuracy, and the
general flexibility and robustness of dG methods could be fruitful for numerically
solving the types of problems one encounters in gravitational wave simulations. Such
simulations are often large and long—time problems, require good phase resolution,
and generically involve different length scales and shock formation. It is the aim of
this dissertation to begin migrating dG methods, which have been rapidly develop-
ing over the last decade in applied mathematics and engineering communities, to
computational general relativity. This dissertation represents initial work towards

this goal, and as such is mostly limited to systems which exhibit symmetries.

DG methods were first proposed by Reed and Hill in 1973 [191]. Nearly 20
years later stability for non—linear and time—-dependent problems was demonstrated
in a series of papers by Cockburn and Shu [68, 70, 69]. By the late 1990’s a solid
foundation had been laid, and over the past decade significant theoretical and com-
putational progress has continued. Although dG methods are now well developed,
they are not as mature as more traditional finite difference, finite element, and finite
volume methods. Thus, we have found it necessary to engage in both the design-
ing of schemes as well as in their implementations. In the case of EMRB systems

the main obstacle was rewriting the wave—like equation in first order form and then



treating a vectorized Dirac delta within a dG framework. Upon doing so we discov-
ered that the enlarged system may admit a persistent distributional “junk” solution
resulting from poor initial data, and Chapter 5 considers some consequences as well
as providing a simple remedy. For the GBSSN system identification of the correct

stabilizing numerical flux term was an essential step.

We begin in Chapter 2 by introducing the relevant differential geometry and nota-
tion needed to understand the physics. Next, perturbation theory of a non—spinning
black hole is developed and the inhomogeneous RWZ equations (2.38,2.38) are mo-
tivated. These equations will be used in modeling EMRB systems. In the remainder
of the chapter we return to the full Einstein equation, using a space+time decom-

position followed by a conformal-traceles decomposition to arrive at the numerically

stable GBSSN (2.6.3) system.

Additional introductory material is given in Chapter 3. We first define and
discuss strongly hyperbolic PDEs. Motivation for well-posedness and stability of
these systems, for both the continuum and semi-discrete problem, is also given.
These concepts play an important role in understanding the properties of a PDE as
well as informing the development of a numerical scheme. A nodal dG scheme is then
proposed for a strongly hyperbolic toy PDE and this procedure is later employed in
the discretization of both the RWZ (see Chapter 4) and GBSSN (see Chapter 6)

systems.

Both Chapters 4 and 5 are concerned with the RWZ equation. Our numerical
scheme, complete with radiation boundary conditions and waveform extraction, for
the RWZ equation is given in Chapter 4. We also provide greater detail on the
distributional source term and describe the RWZ equation as a first order system.

A series of code diagnostics verify the theoretical properties of the method, and



we conclude the chapter by computing gravitational waveforms from circular and
eccentric orbits. Chapter 5 looks at consequences of commonly chosen trivial initial
data. We show such unphysical specification may lead to spurious solutions which
contaminate the physical solution indefinitely as well as dynamical junk solutions
which degrade accurate self-force computations. Using a new temporal smoothing

technique we demonstrate that both persistent and dynamic junk can be removed.

In Chapter 6 we present a dG method for evolving the spherically reduced GBSSN
system expressed in terms of second-order spatial operators. We discuss in detail
both our scheme for the BSSN system and its implementation. We also consider a
simple system which models the spherically reduced GBSSN system. This system is
crucial for understanding the role of the dG penalty parameters and for the observed
numerical stability, and an analytical proof that the model system is Ly semi-discrete
stable is given. We conclude the chapter by demonstrating our multi-domain method
achieves global spectral accuracy and long-time stability on short computational

domains.

A new opportunity offered by the dG method includes the utilization of a reduced
basis (RB) approach as an efficient tool for high-dimensional parameterized problems
ubiquitous in binary simulations. In Chapter 7 we switch gears a bit by offering a
preliminary report towards the development of dG-RB methods for gravitational
wave problems. In particular, we develop an algorithm that aims to construct a
compact reduced basis space from which a particular solution can be quickly and
accurately reconstructed. We apply the algorithm to compress the solution space of
analytic chirp gravitational waveforms. Our approach has immediate consequences
for gravitational wave searches, and we demonstrate improvement over the standard
approach. We conclude the section by revisiting the RWZ equation, and consider

possible extensions of the RB algorithm to our dG scheme.



CHAPTER TWwO

Formulations and Approximations

of General Relativity
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2.1 Introduction

To motivate our problems of interest with sufficient background material, this chap-
ter introduces the relevant physics and differential geometry utilized throughout the
dissertation. Section 2.2 provides much of the essential differential geometry tools
needed while developing relevant notation and conventions. Einstein’s field equa-
tions are presented with some discussion in section 2.3. These equations admit
wave—like solutions and the basic features of these gravitational waves are outlined.
Historical and technical background of gravitational perturbation theory is given
in section 2.4. Extreme mass ratio binary (EMRB) systems are naturally described
within the perturbative framework and we will use the developed theory, in particular
the inhomogeneous Regge—Wheeler—Zerilli (RWZ) equations (2.38,2.38), to compute
metric perturbations from such systems. Returning to the full Einstein equations,
section 2.5 aims to express these as a Cauchy initial boundary value problem and
culminates in the Arnowitt—Deser—Misner (ADM) formulation. The resulting ADM
system (2.5.3) is poorly suited for numerical evolutions, and section 2.6 carries out a
conformal-traceless decomposition of the ADM variables leading to the generalized
Baumgarte-Shapiro-Shibata—Nakamura (GBSSN) system (2.6.3). Minor differences
between the GBSSN system used in this dissertation and the more common BSSN

system are highlighted throughout the section.

2.2 Differential Geometry and Conventions

Let M be a manifold equipped with a metric g,5. More specifically, in the context of
general relativity, assume M is a 4—dimensional pseudo—Riemannian spacetime and

g has a (—,+, +, +) signature. Greek indices will range from 0 to 3, and Latin letters
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will range from 1 to 3. Each point p € M is endowed with a tangent space 7, M and
a dual space T;M. We will denote vectors and dual vectors by their components,
Ve and V, respectively. Products of vectors, dual vectors, and vector/dual pairs are

preformed in the usual way,

<V,W >=g(V,W) = gogVW? = g*V, W5 = VW = V°W,.  (2.1)

)

Here Einstein notation is used, that is repeated “dummy” indices are summed over

all possible values.

To ensure a covariant derivative of an arbitrary tensor transforms as a tensor, we

have the following general rule,
- — ... 5 a..
V’YTE[... - 8’YT,§Y + F?’yT,B - F/B’dea ) (22)
and the metric connection coefficients are given in a coordinate basis by

o ]' O
By = 59 ’ (QJﬁ,'y + 95v,8 — gﬁv,é) . (2-3)

This choice of connection leads to the well-known identities I'j; = I'§; and V. gap =
0. Comma and semi—colon notation will sometimes be used for partial and covariant
differentiation,

O TIg =Tg (2.4)

Y

VoI =Tg (2.5)

e

Along with partial and covariant differentiation, we shall often compute the Lie
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derivative of a tensor field

LxTg=X"0,Tg — Tg_;javxa + T30 X7 (2.6)

= X'V, 1§ — T/;'.'_'VVXO‘ + 15V X? (2.7)
with respect to some vector field X = X“0,,.

We will sometimes work with objects which are not tensors, but tensor densities.
A tensor density transforms like a tensor with an overall factor of a Jacobian J =
|02 /0P| to some power W. For example, a tensor density of weight W transforms

as

w oy 01°
Q... Y
Tg-=J _8x7"'_8y5'"T5 . (2.8)

The covariant and Lie derivative of a tensor density is given by

V., Tg = 0I5 + 15, Ty — Ty T3 — WL T (2.9)
LxTg=X"0Tg =T 0, X"+ T30 X" + WTg~0,X" (2.10)
= X'V, T = T3 "V X+ 10V X7 + WTg-V, X7 (2.11)

Unlike partial differentiation, covariant derivatives need not commute. The Rie-
mannian curvature tensor is an important quantity characterizing how covariant

derivatives fail to commute at a point p and is defined by !

Vo, Ve Vs = VR 5, ¥ Vs € TrM. (2.12)

L An alternative definition is [V, V3] V? = VI R? ap- Using symmetry properties of the curva-
ture tensor and metric compatibility, these two definitions are identical.
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R 5pa 18 the only tensor which can be built from no more than two derivatives of the

metric, and is linear in the second derivative [236]. Physically we may think of it as

an expression of the gravitational field, or more precisely the intrinsic curvature of

a manifold M. Noting that

[Va, Vil Vs = (Vip = T35V5) | — Tha (Voo =I5, Ve) =T, (Vap = IsVe) — (@ > ),
(2.13)

and using the symmetry relationship Fgﬁ = Fga, the curvature tensor is given in a

coordinate basis by
Rvéﬁa = Fga,ﬁ o Fgﬁ,a + FgaFZB o gﬁrza' (214)

From the Riemannian curvature tensor, R®4s . we construct the Ricci tensor R,p =
R asp and scalar R = 9 R.5. The curvature tensor may be expressed with explicit
second derivatives of the metric plus lower order terms [236]. Contracting this form
of the curvature tensor in a coordinate basis yields a particularly useful expression
for the Ricci tensor [27]

]‘(56

Rap = 27 (958,06 + Jacss — Geas — Jasae) + 97 (Taclass — Toglhse) . (2.15)

where I'ygs = Gael s
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2.3 General Relativity

2.3.1 Einstein Field Equation

According to the theory of general relativity, in the presence of a stress—energy tensor

T, the metric g, on M is given by Einstein’s equation
1 G
Gag = Raﬁ - §Rga/3 = 87T—4Ta5. (216)
c

In 4 dimensions, this is a non-linear system of 16 coupled PDEs, 6 of which are
related by symmetry G,s = Gg,. As the Ricci tensor and scalar are built from
the metric, Einstein’s equation is in fact a second order PDE for g, and features
nonlinear products of the metric and its derivatives. In mks units the constant
& ~107*s>m'kg~! coupling the stress-energy tensor to the metric suggests that

fast moving massive objects will be required to generate detectable gravitational

wave signals.

Exact solutions of Einstein’s equation have been found, yet typically this is only
possible for an idealized physical system (e.g. Schwarzschild and Kerr solutions being
two prominent examples). It is more common, especially in the context of realistic
astrophysical systems, that an exact solution is not known, and thus finding numer-
ical solutions become important. When an approximate solution has been found,
such as post—-Newtonian gravitational waveforms, a numerical solution provides a di-
rect check that the approximations are acceptable. Recently, numerical simulations
have been used to calibrate semi—analytic models in the effective one body approach
[77, 174, 168, 18]. In short, numerical simulations are an important part of modern

research in both theoretical and experimental general relativity.
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The primary goal of numerical general relativity is to find a solution g, to
Eq. (2.16) for a given stress-energy tensor T, 3. One approach, carried out in Sec. 2.4,
linearizes the Einstein equation around a background solution and then one computes
the metric perturbation. Another approach is to directly solve the fully non—linear
PDE. It turns out that Eq. (2.16) is not suitable for numerical implementation,

sections 2.5 and 2.6 are devoted to finding a suitable form.

2.3.2 Gravitational Waves

Regardless of the physical system under consideration or the relevant PDEs, the
motivation is typically the same: what are the emitted gravitational waveforms? To

answer this question we first discuss the general properties of these waves.

Consider weak field radiative solutions far from isolated sources so that, in a

Cartesian coordinate system, we may write

Jap = Nap + hag (2.17)

where 7,5 = diag(—1, 1,1, 1) is the Minkowski metric and h,z is comparatively small.
Define the trace-reversed perturbation izaﬁ = hop — %naﬁh“ - One can show [163]
it is always possible to find a coordinate transformation such that Bag is divergence

free Vo ho? = 0, and the linearized Einstein equation becomes
VAV B = 0 (2.18)
a wave equation for the trace-reversed perturbation.

It is well known that the radiative part of the metric contains precisely two



16

degrees of freedom, whereas a generic perturbation h,, has 10 independent compo-
nents. Clearly 8 components must contain unphysical information to be eliminated
by a smart choice of coordinates. The physical significance of the two radiative
modes becomes clear upon enacting a coordinate transformation which puts the per-
turbation h,, into the transverse traceless gauge. This gauge is in fact a sub-gauge
of the divergence free condition, meaning it further restricts the form of h,, while
keeping it divergence free. One can show it is always possible to construct such a
transformation [163] and the resulting tensor is spatial, divergence free, traceless,

and transverse to the direction of propagation [236, 163, 60]
ho, =0, R* =0, W, =0, Kk'h,=0, (2.19)

where k* denotes the direction of propagation. Note that some of these conditions
are redundant, since for radiation we expect h,,, ~ exp(—ik#z,). Furthermore, as the
perturbation is traceless ilag = hag. If k* = (1,0,0, 1) describes wavelike propagation

in the z direction, the restrictions demanded by (2.19) suggest we write h,, as

00 0 0
0 hy hy 0
By = T . (2.20)
0 hy —hy 0
00 0 0

The plus h, and cross hy modes encode fundamental degrees of freedom. A linear

combination

h(t) = F+(97¢a77b)h'+ +F>< (97¢7¢)h>< (221)

will be directly measured by gravitational wave detectors, where (6, ¢) depend on the

direction of the source and 1) depends on the orientation of the polarizations [220, 14].
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It would not be an overstatement to suggest that, perhaps, one of the most important

roles of numerical relativity is computing the plus and cross polarizations.

2.4 Gravitational Perturbation Theory for Non—

Spinning Black Holes

The theory of Schwarzschild perturbations is well studied, and begins in 1957 with
pioneering investigations of Regge and Wheeler [192]. Their work focused on the
linear stability of the Schwarzschild solution written in the usual coordinates, which
led them to develop the now standard framework for treating metric perturbations
about a spherically symmetric spacetime. The approach consists of decomposing the
perturbations into tensor spherical harmonics, which naturally split into azial (a.k.a.
odd) and polar (a.k.a. even) parity sectors. A particular linear combination of the
expansion coefficients, known as a master function, is then shown to satisfy a second
order wave equation with an effective potential. Although Regge and Wheeler were
unable to construct a master function for the polar parity sector [192], the technique
proved to work here as well. This seminal work led to generations of research in

gravitational perturbation theory.

The decades following 1957 played host to a series of important developments.
We will now briefly summarize the most important and relevant advances, often fo-
cusing on those works which contributed to the ideas and techniques employed in
this dissertation. Linear stability near the event horizon was conclusively demon-
strated in 1970 by Vishveshwara [225] who worked in horizon penetrating Kruskal
coordinates which were discovered a few years earlier [141]. In the same year, Zerilli

constructed a master function and effective potential for the polar parity pertur-
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bations [238]. Shortly thereafter, a new master function for the polar and axial
perturbations were introduced by Moncrief [164] and Cunningham, Price, and Mon-
crief [73] respectively. These master functions are, up to a normalization constant,
the preferred choice of modern treatments. The general theory was presented in
a gauge—invariant framework by Moncrief in 1974 [164], and extended to a covari-
ant and gauge-invariant formulation in 1980 by Gerlach [103]. Metric perturbations
driven by dynamical matter fields where computed for collapsing stars [73, 74] and
for the radial plunge of a compact object into the Schwarzschild black hole [239].
By considering second order perturbations, investigations into the nonlinear stabil-
ity of the Schwarzschild solution were initiated by Tomita [222, 223]. Within the
perturbation formalism the possibility of constructing a well defined average energy
due to gravitational waves was recognized by Brill and Hartle [39]. Their insight
was placed on a rigorous footing by Isaacson with the introduction of an effective
gravitational wave stress—energy tensor [128, 129]. Thorne [219], Poisson [159, 177],
Martel [157], and Brizuela [10] provided thorough treatments of the radiation field
and associated energy and angular momentum luminosities. Perturbative treatments
of the Kerr and Reissner-Nordstrém metrics were considered by Moncrief [165, 166]

and Teukolsky [221] respectively.

Recent developments are primarily driven by the community’s goal to compute
gravitational waveforms suitable for gravitational wave data analysis. Such wave-
forms must achieve an accuracy suitable for searching the data for a signal, mean-
ingful parameter estimation, and precision tests of general relativity. It is important
to identify and distinguish two very different sources of error which could lead to
poor waveforms: numerical errors and modeling errors. For the present discussion
we might be concerned that the linearized theory will introduce unacceptably large

model errors. This is indeed the case when dealing with EMRB systems. As energy
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is removed from the system via gravitational wave emission the smaller compact
object will slowly inspiral and merge with the supermassive black hole. This phe-
nomenon, known as radiation reaction, leads to a secular change in the characteristic
frequency of the emitting system. Order of magnitude estimates suggest the phase
slip between a waveform incorporating and neglecting this feature will be large on
timescales of interest [79]. We are forced to conclude that waveforms which do not
account for radiation reaction will result in a significantly reduced signal to noise
ratio when data searches are performed. In the context of EMRB systems, a fully
consistent second order (in perturbation theory) gravitational waveform from EMRB
systems, so—called Capra waveforms, will include radiation reaction as well as other

corrections which occur at second order.

This dissertation makes progress towards accurate and efficient computation of
Capra waveforms by developing novel numerical methods for the physical problem
at hand. Chapters 4 and 5, part of the original work of this dissertation, aims at
reducing the numerical errors which would otherwise corrupt the suitability of Capra
waveforms for data analysis regardless of the model’s accuracy. Numerical errors can
be just as dangerous as modeling errors. Comments about such errors are reserved

for later.

Motivated by considerations above, we note a few recent developments of per-
turbation theory which are important for Capra waveforms. A complete covariant
and gauge invariant formalism within the master function framework was provided
by Sarbach and Tiglio [195]. Their work was later extended by Poisson and Martel
to include covariant source terms arising from a stress—energy tensor [159]. Sec-
ond order perturbations were further studied by Gleiser et al [104], and a gauge—
invariant formalism for arbitrary second—order master functions was presented by

Brizuela, Martin—Garcia, and Tiglio [40]. Barack and Lousto reformulate the theory
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of Schwarzschild black hole perturbations driven by compact objects in the Lorenz
gauge [20], which is advantageous for self-force? computations. Computing self-force
corrections to a perturbing particle’s geodesic orbit (to be discussed in Sec. 2.4.5) is
an active area of research which comprises a major portion of current developments

in perturbation theory.

The next few sections provide a brief introduction to the historied subject of
Schwarzschild perturbation theory. We will focus on linear perturbations and later
make use of our discussion in Chapters 4 and 5 when we numerically solve for
the gravitational perturbations from EMRB systems. For additional discussion on
Schwarzschild perturbations, we point the reader to any of the above references, in
particular Refs. [192, 159, 204, 157]. The classic monograph by Chandrasekhar [(2]
gives a thorough description of gravitational perturbation theory up through the

1990’s.

2.4.1 Problem Setup

In the standard (¢, 7,6, ¢) coordinates, the Schwarzschild line-element reads
ggghd:vadxﬁ = gapdr?dr® + r*Quda®da® = — fdt* + f~ dr® + r?dQ?, (2.22)

where f = 1—2M/r and €2, is the metric of the unit-radius round sphere; explicitly
d? = df? + sin? 0d¢?. We will use the convention that upper case Latin indices run

over (t,r) whereas lower case run over (6,¢).

2The self-force is the instantaneous acceleration a compact object experiences due to its own
metric perturbations. Objects experiencing a self—force will not execute geodesic motion of the
background spacetime.
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Assume the total metric may be written as a small perturbation h,s to the

background metric g(fgh such that?

G = ggg’l + Rog- (2.23)

Equations describing the metric perturbations are found by working to first order in
has. For example, the inverse metric is ¢* = ggfh — h®® because to first order in
h we have ¢*“g.s = (9235, — h*) (gsgh

€

+ heg) = 0%g. In this short computation we
have employed the convention of simply dropping terms proportional to O(h?) when
they arise. As a corollary tensors proportional to h,s will have their indices raised
and lowered using the unperturbed metric, which suggests we may interpret hqs as a
tensor field evolving on the background spacetime. Starting with Eqs. (2.3,2.14,2.16),
a straightforward computation yields the perturbed connection, Ricci tensor, and

Einstein tensor

1
oI, = §9§Zh (hgvy + hoip = hipa) (2.24)
— STP g
1 Ci
0G . = OR,, — 5gfwhéR, (2.26)

where 6R = ¢%0 0R,s and covariant derivatives are taken with respect to g5,

although using g¢,s clearly gives the same (first order) result. Although the back-
ground connection is not a tensor its first order variation is, and hence the covariant
derivative of 0I'zs is well defined. To derive the perturbed Einstein equation 0G,,

we have used the fact that when the background stress—energy tensor vanishes the

3 At this stage it is important to realize the theory’s gauge freedom has not yet been fixed even
though the background coordinates have been. Physically equivalent spacetimes are related by
coordinate transformations (z%)"" = (2%)°!4 4 ¢ obeying €4.5 < hag. This observation is simply
a consequence of covariance, the transformation rule hi3" = h‘;lg — V€3 — Vgeq, and the condition
that in a new coordinate system the perturbations must remain small. A good discussion of this

topic is found in Ref. [60].
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background Ricci tensor and scalar vanishes as well. As
G (gggh + hag) =G (gfgh) + 060G, (hap) = 6G L (hag) , (2.27)
the metric perturbations are determined from 6G ), alone.

Assume the perturbing stress-energy tensor T* is due to the presence of a point
particle of mass m, << M,

w6t (2 — 2%(7))dr. (2.28)

p

e, [

In this expression we have introduced the proper time 7, the particle’s path 25(7),

%, and the coordinate Dirac delta function 6*. The

the particle’s four-velocity uy = -

linearized Einstein field equations for h,z become
G, = 87T, (2.29)

and we expect that h,g o< Tps o< m,, thereby justifying 7" as a source for linear

perturbations when m, << M.

In principle we have our perturbation equations for h,g, yet further simplifications
are possible. First note that we have not specified a gauge condition. In particular,
working in the Regge-Wheeler gauge allows many components of i,z to be set to zero.
Furthermore, we will exploit the spacetime’s spherical symmetry by decomposing
the metric perturbations into a complete orthogonal basis of scalar, vector, and
tensor spherical harmonics defined on the two-sphere. These harmonics transform
as either (—1)* (polar parity) or (—1)“™! (axial parity) under parity transformations,
corresponding to the simultaneous replacements ¢ — 7+ ¢ and § — m—6 in spherical

coordinates. Thus, the metric perturbations are naturally organized according to
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their (¢, m) and parity family

him = hop + hop ! (2.30)
[e'e) J4

hap=»_ > him (2.31)
=0 m=—¢

This dissertation focuses on ¢ > 2 metric perturbations® resulting from a stress—
energy tensor of the form (2.28). Nevertheless, we will not assume that form for 7*
in this section. The perturbation equations of Sec. 2.4.2 and 2.4.3 are general, and
the source terms which arise from a non—zero stress—energy tensor will be left opaque
until Chapter 4. In what follows let & denote the tortoise coordinate

2 =r+2Mn (ﬁ . 1) . (2.32)

For notational brevity, multipole (¢, m) labels are suppressed when they are clear

from context.

2.4.2 Polar Perturbations

To decompose the polar perturbations, we first introduce the polar spherical har-

monics

000+ 1
Yém? Yaem - Y:£m7 Yaebm - YzmQalH Zﬁ? - Yﬁ? + ( ;_ )ngQab’ (233>

where Y (0, ¢) are the ordinary scalar harmonics and a colon indicates covari-

ant differentiation compatible with Q. Y*"(0,¢) solves the eigenvalue problem

4The lower multipoles are not radiative and can be treated analytically [239].
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QabY 'l — (0 + 1)V and a discussion of their utility may be found in any book
on analytic solutions to spherically symmetric PDEs, for example [130]. The polar
tensor harmonics are explicitly constructed in [159, 103, 219], and their orthogonality

relations are

/ng}_/g/m/dQ = (Sgg/(smm/ (2.34&)

/ Yy d = 000+ 1)y 6 (2.34b)

/Y Y /dQ = 25&’5771777/ (234C)
1 +2)!

/Z P Zd = 5 TR (2.34d)

where the bar denotes complex conjugation.

The polar harmonics form a complete basis for any rank 0, 1, or 2 tensor that
transforms with polar parity. By considering the transformation properties of hﬂ”g

under rotations® and parity, the polar perturbations are expanded as

hh, = Z Z plmym (2.35a)

1>2 m=—/{
hlh, = Z Z poryim (2.35b)
(>2 m=—/{
hiy=r Z Z K™Y+ Gz, (2.35¢)
0>2 m=—{

where the newly defined fields are functions of ¢ and r. It was noticed that a suitable
coordinate (i.e. gauge) transformation, known as the Regge-Wheeler gauge, allows
us to specify p§" = G = 0 [192]. The remaining harmonic coefficients p4% and

K" are recovered by substituting (2.35) into (2.29) and using the orthogonality

5Subject to the assumption of spherical symmetry, the class of rotations under consideration are
of the form 0™V = f(0, ¢) and ¢"*" = ¢(6, ¢) for a suitable choice of f and g.
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relations of the polar harmonics. The result is a system of coupled PDEs for each

(¢, m) mode [159]°

3r—5M f A +2)r +4M g
"= _Kr’r - —Kr —Prrr e —K 2.36
@ ’ r2f ’ +7’p ot 2r3 p +r2f ( a)
tr __ r—3M f Ar
Q" = K + WK,t — ?prr,t — 2—r2ptr (2.36b)
r—M 2
Q" = _K,tt + ( 2 )vaT + _fptr,t - iptt,r
r r r
)\g’l“ + 4M f2 ngf
+ o3 P P FK (2.36¢)
1 2M
Qt = prr,t - ptr,r + ?K,t - Wptr (236d)
- r—M r—M
Q" = =Pt +Dp0ur— fK, — Wptt + (T—z)fprr (2.36e)
1 20r — M
Qb = —Drrtt T 2Dtrir — Ditrr — ?K,tt + K, + %pmt
3M —r (M —r)f 2(r — M)
Tptt,fr + Tp'rr,fr + TK’T
Aer? —2(2+ X\g) Mr + 4M? A% — dngMr — 4AM?
+ 2 f2 Put — o Drr (2.36f)
1
Qﬂ = ?ptt - fprra (236g)

where we have defined n, = ((+2)(¢ —1)/2 and A\, = ¢({ + 1) = 2(n, + 1), and the
()’s are projections of the stress-energy tensor onto the polar spherical harmonics

[159].

The metric perturbations are clearly tensorial, nevertheless, they can be recon-

6The linearization (2.23) does not assume a particular gauge, while equations (2.36) hold in the

Regge-Wheeler gauge. It turns out that K™ = K and p}% = pap, and so we will continue using

K and pap with the understanding that we have chosen the Regge-Wheeler gauge. It is possible

to express the perturbations as gauge invariant combinations, and the result is system (2.36) after
Gauge—Invariant

making the replacement K — K Gauge—Invariant and p\p — p AR . We do not explore this
freedom here.
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structed from the Zerilli-Moncrief master function

2
RV O o EKT 9.37
Ny +1 < + Agp Ag ’ ’ ( )

where Ay = ny + 3M /r and we continue to suppress (¢, m) labels for the fields. One
can show U?M is a scalar under general coordinate transformations and gauge invari-
ant under infinitesimal ones [159]. Definition (2.37) agrees, up to minor notational
discrepancies, with modern treatments such as [159, 204, 151, 152, 89], and differs
by a time derivative from Zerilli’s original master function [239] and by an overall
factor from Moncrief’s [164]. Remarkably, the polar master function is governed by

a forced scalar wave equation with the following form

— ORUM 1 g2 uIM Y EYIM = SEM (¢ g, (2.38a)
2f(r) 3M WE M
7 o 2 M
Vi(r) = (o 1 302 {ng (1 et —— ) =z (v — )| (2.38b)

The source term’s label highlights its generic dependence. In particular, SZM is built
from linear combinations of the @’s (see Sec. 4.2.2) and crucially depends on the
chosen master function. When the stress—energy tensor’s form is given by Eq. (2.28)

we expect SZM to be distributional.

Each mode K, p,,, pu, and p,, may be reconstructed from W?M and its derivatives,
thus demonstrating that the master function contains all physical information about
the metric perturbations hiTZ’P. Using Eq. (2.37) we express p,, and 0,p,, in terms
of WM K and their derivatives. Upon substituting these expressions into Q%, one
discovers that all terms proportional to 0,K and 9?K cancel, leaving behind an

equation for K. Then p,, is found from the definition of ¥*M. The @Qf and Q¥
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components readily give p;; and p,; respectively. The result is:

K = fyZM it 2.39
f o’ + 2Ag7”2 /\gAg Q ( a>
Ag)\g 7M Ag T
rr — —\Ij - —K _Kr 239b
= g P (2.3%5)
P = [pr + fQF (2.39¢)
2r? 2(r —3M) 2fr 2r?
= —Kyp+ K — ey — —Q. 2.39d
DPrt Y T 3y it Y Drrt Y Q ( )

We refer to Eqgs. (2.39) as the polar metric reconstruction equations, and they hold

only in the Regge-Wheeler gauge.

Having an explicit relationship between the master function ¥?M and the metric
perturbations is both satisfying and useful. For example, the reconstruction equa-
tions are needed to compute self—force corrections to the particle’s geodesic motion
and can be used to define waveforms at future null infinity after a suitable gauge
transformation has been enacted. Notice that the metric reconstruction equations
feature WZM_ 9,0%M and their spatial derivatives. Therefore, any numerical scheme
which promotes 9,U*M to an evolutionary variable will not have to compute a cum-
bersome and potentially inaccurate time derivative — which would typically require
saving time histories and performing finite difference operations. Spatial derivatives

are comparatively easy to compute, and for our numerical scheme accurate as well.

2.4.3 Axial Perturbations

To decompose the axial perturbations, we first introduce the axial spherical harmon-

ics. With €, the unit-sphere Levi-Civita tensor such that €y, = —sin@, the axial
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spherical harmonics are
1
Xﬁm - QbCEabKﬁmv Xﬁgn = 5 (Xf;Tbn + Xfrg) ) (24())

where a colon indicates covariant differentiation compatible with Qg and Y4 (6, ¢)
are discussed in Sec. 2.4.2. The axial tensor harmonics are explicitly constructed in

[159, 103, 219], and their orthogonality relations are

/ X8 A = U0 + 1)y (2.41a)
_ 1(0+2)
Xmxa 40 = = 800 O 2.41b

where the bar continues to denote complex conjugation.

The axial harmonics form a complete basis for any rank 1 or 2 tensor which
transforms with axial parity. By considering the transformation properties of hﬂ”g

under rotations and parity, the axial perturbations as are expanded as

hite = (2.42a)
00 L
=Y Y e (242
£>2 m=—/{
00 L
hie= > ¢&"X", (2.42¢)
1>2 m=—{

where the newly defined fields are functions of ¢ and r. It was noticed that a suitable
coordinate (i.e. gauge) transformation will annul the angular hi., perturbations [192].
Therefore, working in the Regge-Wheeler gauge allows us to set ¢ = 0. The
remaining harmonic coefficient ¢%" can now be recovered by substituting (2.42) into

(2.29) and using the orthogonality relations of the axial harmonics. The result is a
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system of coupled PDEs for each (¢,m) mode [159]

2 )\[T’ —4M
[
P = —Qrr + Qerr — ;qtt - T(h (243&)
2 2n
P =quu — quir + S + rgf% (2.43Db)
1 2M
P = _?qt,t + fQT,r + 7%"7 (243C)

where the P’s arise from projections of the stress—energy tensor onto the axial spher-

ical harmonics and are computed in Sec. 4.2.3.

The metric perturbations are clearly tensorial, nevertheless, they can be recon-

structed from the Cunningham-Price-Moncrief master function

T 2
\IJCPM = <Qt,r - QT,t - _qt) . (244)
Ty T

\IJCPM

One can show is a scalar under general coordinate transformations, and gauge

invariant under infinitesimal ones [159]. Definition (2.44) agrees, up to minor nota-
tional discrepancies, with modern treatments such as [133, 159, 204, 151, 89], while
differing from older discussions by either a time derivative [192, 239, 164] or an over-
all factor from Cunningham et al [73]. It was recognized by Tanaka and Jhingan
[133] that WEPM is a particularly useful choice when one wishes to reconstruct the
metric perturbations from algebraic combinations of the master function as opposed
to integral relations which arise when using Regge and Wheeler’s original master

function [192]. Although they worked in the frequency domain, their insight proves

useful here as well. Remarkably, the axial master function is governed by a forced

"The linearization (2.23) does not assume any particular gauge choice, while equations (2.43)
hold in the Regge-Wheeler gauge. It turns out that ¢8V = ¢p, and so we will continue using gp
with the understanding that we have chosen the Regge-Wheeler gauge. It is possible to express
the perturbations as gauge invariant combinations, and the result is system (2.43) after making the

replacement qp — qga“geflnvariant. We do not explore this freedom here.
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scalar wave equation with the following form

N atQ\IjCPM + ag\IJCPM o WRW\IJCPM — SKCTEM(ta T), (245&)
M
ViV (r) = _fﬁ;) [E(E +1) — 67} : (2.45Db)

The source term’s label highlights its generic dependence. In particular, SgE™M is
built from a linear combination of the P’s (see Sec. 4.2.3) and crucially depends
on the chosen master function. When the stress—energy tensor’s form is given by

Eq. (2.28) we expect SEEM to be distributional.

Im

UOEPM and its derivatives, thus

Each mode ¢, and ¢; may be reconstructed from
demonstrating that the master function contains all physical information about the
metric perturbations hf:g’A. To find ¢, use the P" component of the field equations

and 0, WP, ¢, can be recovered by using the linear combination r®SFM 4 WM to

change 9,¢; into 0,q,. The P! component readily gives ¢,. The result is:

2

r r
.= — yCPM - pr 2.46
q 2f ,t + 277/5.](. ( a)
2
¢ = A (reGPM 4 g — uPt, (2.46b)
2 ’ 2ny
where we have made use of the simplifying relation ME’ZZ—A’% = rf. We will refer to

Eqgs. (2.46) as the axial metric reconstruction equations. Like much of this section,
the utility and applicability of the axial metric reconstruction equations parallels the

polar case which is discussed at the end of Sec. 2.4.2.
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2.4.4 Perturbations at the Event Horizon and Future Null

Infinity

The perturbative framework developed in the proceeding sections can be used to
compute gravitational waveforms expected to be observed at space and ground based
gravitational wave observatories. Consider the gravitational radiation field far from
the isolated sources. In Sec. 2.3.2, we considered the transverse traceless gauge as an
appropriate setting for describing gravitational radiation. In a spherical coordinate
system with waves propagating along a radial direction the corresponding plus hy =
heo/r? and cross hy = hgy/ (r?sin” §) modes are defined to have the correct O(r~")

asymptotic behavior.

Our numerical scheme solves the RWZ wave equations (2.45,2.38) for W°PM and
UM “and so we seek h, and hy in terms of polar and axial master functions. First
notice that the Regge—Wheeler gauge is not appropriate for this task. Harmonic
coefficients of Z,, and X,,, which are precisely the traceless part of the radiation
field, are identically set to zero G = ¢ = 0. In fact, one can show the harmonic
coefficients do not have the correct asymptotic behavior for radiation in the Regge—
Wheeler gauge [10]. Fortunately, the master functions are gauge invariant and in a
suitable radiation gauge one can deduce the radiative perturbations to be [159, 10]

hay " = TVEIZG byt = MG (247)

This asymptotic result formally holds at future null infinity, although practically we

are not able to evaluate our master functions there. The full metric perturbations
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are then

00 l
hay =1 > (UINZG+ UM XL (2.48)

0>2 m=—{

with plus and cross modes given by

[e%S) l

1

he == 30 > (Vi zgy + UEM X (2.49)
0>2 m=—{
00 l
1

ho = —— SN (R ZE + weM X (2.50)

T Sin 1>2 me—t

Notice that Eq. (2.48) implies O(r) asymptotic behavior, corresponding to the ex-

pected O(r~ 1) fall-off in an asymptotically Cartesian coordinate system.

Gravitational radiation will remove energy and angular momentum from the
system. Where does it go? Some is transferred to the black hole and some escapes to
future null infinity. From the metric perturbations we compute the energy contained
in the gravitational radiation field by using Isaacson’s effective stress—energy tensor
[128, 129], given in the transverse traceless gauge by [163]

GW 1 v
TS = o (Vahu V)
1

= 390 <9§éhggzhvahwvﬁh6v> . (2.51)

Brackets are a reminder to average V,h,, Vgh*” over a volume of spacetime larger
than the characteristic lengthscale of the wave. TC%W is a perfectly reasonable stress—
energy tensor when the perturbations are small and the characteristic wavelength of

the gravitational radiation \&W

is much shorter than the typical lengthscale on which
curvature quantities vary R. We speak of the short wavelength (often known as high

frequency) approximation when AW << R. A non-vanishing invariant curvature
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scale is provided by the Kretschmann invariant R.ss, R oc M?/r®, or in units

TV PR, As a specific example of relevance, when

of length (Raﬁ(szo‘BM)
the background is flat R is infinite. The Schwarzschild solution, the background
considered in this dissertation, is asymptotically flat in the limit » — oo, thus T fﬂw
is well motivated in that limit. Intuitively, the short wavelength approximation
is appropriate for radiation; far from isolated sources the gravitational radiation
varies rapidly over typical lengthscales on which the background changes. Under this

assumption and small perturbations one can show Tfﬁw obeys the “conservation” law

163, 128, 129, 236]
Vo Tae =0, (2.52)
from which we can compute energy and angular momentum luminosities.

At a fixed t we seek the instantaneous energy flux through a two—sphere of large
radius. Assume the two—sphere is the boundary of a hypersurface > and define
E> = [ Tt ,\/—g5"d*z, where we have temporarily dropped the ‘GW’ label. Let
V< be a Killing vector field. Together Killing’s equation V,V3 = —VgV, and the

symmetry of 7% imply
VaVoT* =V, (VT) = 0. (2.53)
If Ve =(1,0,0,0) is the timelike Killing field, then by Gauss’ theorem

/ VoT%\/ —g5rd*r = / Ou (\/ —gSChTat) d*x
s s
= / OT" N/ —g5hd*x +r2/ T",dS. (2.54)
= 0

>
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The time component of conservation law becomes
E® = —p? / T"ds, (2.55)
)y

where the flat metric is used to raise indices at a large radius. In the distant wavezone
the gravitational radiation is a function of retarded time u =t — r, and thus 0;h =
—0.h. This insight allows us to trade radial for time derivatives, and the energy

luminosity becomes
E® =2 / T ds. (2.56)
0%

Evaluating the time-time component of Eq. (2.51) produces

B> = ; 2711'7“2 / <Q“ede8thab8thed> a2
f: Z (\If M zab 4 OPM yab >>dQ
0>2m/'=—1

l

647TZ Z o <“I’ZM|2+ ’\PCPM|2>
= Z Z B (2.57)

1>2 m=—/

where we have defined the energy in each mode

: L (0+2) /oy CPM|2
Ey = — yZM \Il 2.58
o 647r(€—2)!<‘ ol ] ‘> (2:58)

E* is the gravitational energy luminosity computed at future null infinity. Bracket
averaging is accomplished by time averaging ¥ at a fixed radial location for long

time intervals. In practice, the averaging is done over some integer multiple of the
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longest timescale associated with the wave. Similarly, one computes the gravitational

angular momentum luminosity in each mode

; im (£ +2)! < CPM 7, CPM
o _ GEMGZM 4 jOPMGCP > 2.59
64 (0 — 2)! * (2:59)
as well as the total
. w e .
Lo=>"> "Ly, (2.60)
£>2 m=—{

at future null infinity via the master functions [157, 159, 219, 40].

Although gravitational wave experiments are unable to directly access informa-
tion near the event horizon, it is nonetheless interesting and important to compute
the energy and angular momentum transfered to the Schwarzschild black hole. In
the case of EMRB systems this loss contributes to the compact object’s inspiral.
Any radial null geodesic, such as gravitational radiation, will be blueshifted as it
falls into the black hole, AV — 0 as r — 2M in Schwarzschild coordinates. We
conclude Isaacson’s short wavelength approximation is valid near the event horizon
despite the invariant background lengthscale being O(M). Our discussion at future

null infinity applies, and the final result is identical to those luminosity expressions

. 1 ((+2)

7= WEK o (e + ) (2:612)
g im ((+2)! CPM §,CPM

ém_%r(g 1 <qf M 4 GOPMOR > (2.61b)

where all quantities are to be evaluated at » = 2M. A rigorous treatment of the event
horizon with Eddington—Finkelstein coordinates is carried out in Ref. [177, 159, 157],

where exactly expressions (2.61a,b) are derived.
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By combining the above formulas, the net energy and angular momentum lumi-

nosity of the gravitational radiation is
EOW = EBH o [OW — [BH | [ (2.62)

Each equation holds for a particular choice of (¢,m) mode as well.

2.4.5 Motion of the Compact Object
Timelike Geodesics of Schwarzschild

To complete the problem’s description we specify the stress—energy tensor (2.28) by
fixing the particle’s trajectory 2//(7), our approach follows the standard arguments
(62, 163, 60]. Recall 2(7) = (t,(7),7,(7),0,(7), (7)) is the parameterization of
the particle’s four—trajectory in terms of proper time 7. Owing to the spherical
symmetry of the line—element, we may assume, without loss of generality, that the
particle trajectory lies in the equatorial plane 6,(7) = m/2. Existence of a Killing
vector V' implies a component of the particle’s 4-velocity V,uy is conserved along
the particle’s path (see problem 10.10 of Ref. [146]). 0, and J, are two such Killing
vectors, and their associated conserved quantities are interpreted as the particle’s
energy per unit mass, F, = fu;, and angular momentum per unit mass, L, = r2ug.
The radial velocity w; is obtained by normalizing the 4-velocity to unity (when
working in unit mass), which is also a constant of geodesic motion. Then the four—
velocity uly = dz}!/dT components are:

uy, = B,/ f(r), (ur)2 =E;— f(r)(L+L2/r*), ud=0, ul=L,/r* (2.63)

p p
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Given appropriate initial conditions and choice for the set (E,,L,), these ODEs
may be integrated to give /(7). Details on this procedure as well as conditions for

bounded orbits are provided in Sec. 4.2.1.

Orbits Perturbed by a Self—force

Schwarzschild geodesics correctly describe the small compact object’s motion in the
limit m,/M — 0. However, in the presence of metric perturbations the full spacetime
is 55" + hap and thus the particle’s motion will not be given by (2.63). Instead, the
particle will experience a local selfforce (i.e. accelerated motion pushing the particle
off of its geodesic path) entirely due to h,g. The dissipative part of the self-force, in
an averaged sense, is the radiation reaction. This identification can be understood
by an energy—balancing argument: the energy emitted from the system is quadratic
in the perturbations and causes a gradual inspiral which, from the point of view of

the compact object that has no knowledge of future null infinity, is related to first

order corrections of geodesic motion.

Although this effect has been recognized for decades, it was not until 1997 when
two independent derivations of the gravitational self-force were presented by Mino,
Sasaki, and Tanaka [162] and also Wald and Quinn [188]. An alternative, but equiv-
alent, description was purposed by Detweiler and Whiting [$1]. In the Detweiler—
Whiting picture the particle follows a geodesic on gggh + h, where hils is the
suitably regularized piece of h,s. For a detailed discussion of the theoretical and

computational developments we point the reader to any of these excellent reviews

179, 21, 217).

Several existing techniques seek to capture self—force effects, thereby incorporat-
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ing more realistic inspiral (and possibly plunge) into the model. Some of these ap-
proaches include effective one body formulations [77, 174, 168], effective field theory
techniques [101, 102], post-Newtonian expansions [31], and adiabatic approximations
(207, 209]. Because the metric perturbations are discontinuous at the particle, di-
rect self—force calculations typically require a regularization technique. Mode—sum
regularization has been carried out in the Lorenz gauge [22], in an approach where
the metric perturbations are described by the full coupled system of 10 PDEs rather
than the simpler master equation description developed in this section. In the Regge-
Wheeler gauge, for which the metric reconstruction equations (2.39,2.46) hold, no
regularization procedure has been proposed for generic orbits; however, direct field-
regularization [228, 229] seems promising. For the restricted case of quasi—circular
orbits®, Detweiler has shown how to calculate certain self-force quantities in the RW
gauge [30]. Results based on this description agree with corresponding Lorenz gauge

computations [193].

Detweiler’s approach obtains the particle’s energy and angular momentum evo-

lution through local self-force calculations performed at the particle,

. 1 Oh . 1 Oh
T« ﬂ—aﬁ o o 6 Oéﬁ
Ep = 2ut UpUp ot '’ P ot Up U o¢ '
P p

(2.64)

where the perturbation h,s is reconstructed from (2.39,2.46). These self—force equa-
tions have the desirable property of both being gauge independent and smooth at
the particle, thus avoiding the need to regularize the discontinuity. When h.s = 0
we recover the Schwarzschild result that F, and L, are constants of motion, while

for hap # 0 neither 9, nor dy are Killing vectors of g5§" + hag.

8(Circular orbits of the Schwarzschild black hole correspond to the condition u, = 0. A quasi-
circular orbit is one which would be circular if not for self-force effects. Section 4.2.1 discusses orbit
classifications in greater detail.
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Eqgs. (2.64) are the dissipative part of the self-force; energy and angular momen-
tum removed from the system through gravitational radiation is experienced by the
particle as an instantaneous force which acts to decrease E, and L,. The particle’s
change in energy and angular momentum is related to the energy luminosity Egw

and angular momentum luminosity Ley simply by [30]
E,=FEaw, L,= Law, (2.65)

which also hold for each (¢,m) mode of the metric perturbation.

2.5 Splitting Spacetime into Space+Time

This section provides an introductory discussion of the 341 decomposition of a 4—
dimensional spacetime and the resulting Arnowitt—Deser—Misner (ADM) formulation
of Einstein’s field equations [16]. The ADM system is the traditional reformulation
of the Einstein equations as an initial boundary value problem, and thus provides
an important starting point for suitable form for numerical treatment. In particular,
the GBSSN system described in Sec. 2.6 is derived directly from the ADM system
in Appendix A. Like Einstein’s equations themselves, the 3+1 decomposition is
naturally geometrical and, thus, this section includes an overview of the important
differential geometry material needed. Much of this section draws from [170, 235,

27, 183, 163].
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2.5.1 3+1 Decompostion

We begin by assuming our spacetime M admits a foliation into non-intersecting
three—surfaces X, and that each hypersurface ¥ is a level set of a monotonic function

7 (see chapter 4 of [170]) whose differential 1-form is

Q= dr = Quda”. (2.66)

Although € is not normalized to unity

Q7 = g7, = —a 2, (2.67)

we can build a timelike normal (to the hypersurface) vector

n® = —ag Qs = —aN” (2.68)

such that n®n, = —1. Our temporal coordinate freedom is encoded by an (as yet)
unspecified function «, known as the lapse. With n* we can form a projection

operator V%5 : T, M — T},

%5 = 6% +nng, (2.69)

which projects a 4—vector’s components onto the hypersurface’s 3 dimensional tan-
gent space. Each hypersurface Y is a submanifold of M, and thus their tangent
spaces are related by a direct sum decomposition T,M = T,X@(T,X)* [170]. For

V@ e T,M we have the unique decomposition,

Ve = (el 4 (vt (2.70)



41

where (V) = v25V? and (V*)* = —(VPng)n™ are the components parallel and
perpendicular to 7),3. For a general tensor all components are projected, for example

as
(Tg) =475 T5 (2.71)

The metric induced on X is simply g.p restricted to accept vectors from T,%X. A

convenient expression for the induced spatial metric

Yas = (9a8)| = Gap + nanis (2.72)
may be found by projecting.

We now look for a timelike vectorfield ¢* which is dual to the 1-form (2, that is
for which t*Q2, = 1. As any spatial vector ¢ satisfies *n, = 0, the most general

dual vector is of the form
t% = an® + % (2.73)

The particular (yet to be) chosen 5 appearing in Eq. (2.73) is known as the shift
vector, and it encodes the spatial coordinate degrees of freedom on each hypersurface.
By choosing a set of basis vectors such that the zeroth vector is t* and the others

span 1),> the components of the normal and shift are
) 1 )
g =1(0,5", n%=—(1,-p", n,=(—,0,0,0). (2.74)
!

By appealing to the projection operator 4%, the effect of our coordinate choice is to

typographically convert the indices of all contravariant spatial vectors from Greek
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letters to Latin letters. For example,
(Va)H — ,704/8‘/5 =V _ anavo — (0, Vz 4 ﬁiv(J)? (275>

and so the zeroth component of any spatial contravariant tensor is zero. Hence, we
will frequently write only Latin indices on spatial tensors with the understanding

that the zeroth (time) component of such tensors is zero.

Our discussion and coordinate choice motivates us to write (see [27] for the con-

struction) the metric as
ds® = ga,gdxo‘dxﬁ = —(a2 - %jﬁiﬁj)dt2 + 27ij5jdtdxi + ’Yijdﬂfidajj, (2.76)

where the lapse «, shift 47, and spatial metric ;; are precisely the objects previously
introduced. One may consider (2.76) as the result of the 3+1 decomposition we
have outlined in this subsection. The slices 3 are themselves differential 3-manifolds
equipped with the metric v;;. As a well-defined metric, 7;; is used to raise and lower

the components of spatial tensors.

We are almost in a position to take the parallel and perpendicular components
of the Einstein equation. First we need to determine how ¥ lies in M, that is to say

the extrinsic geometry of our foliation.
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2.5.2 Extrinsic Geometry of the Foliation
Induced covariant derivative

If v,w € T,%, then in general V,w € T,M. Consider the unique decomposition

Vo = (V,w)ll + (V,w)t. Define
Dyw = (V,w)! (2.77)

then one can show that D is the induced covariant derivative on X [170], where we

now have induced connection coefficients

Cie =57 Y (g + Ykg — Vikad) (2.78)

as well as Dy, = 0.

Extrinsic curvature

The normal projection (va)L gives us something new — information about how the
slices are embedded. Using the Leibniz product rule v < n,w >=< V,n,w > + <

n, V,w >= 0 produces

< Vyw,n >=— < V,n,w>. (2.79)
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The Koszul formula for the last term is

2<Vnw>=v<nw>+n<w,v>—-w<v,n>
— <, [nw] >+ <n,[wv] >+ <wv,n] >

=n<wv>—<v[nw >—-<w,|nv>. (2.80)

This expression can be recognized as the Leibniz rule for a Lie derivative of the

metric,
(Loy) (v,w) =n<v,w>—<v,[nw >—<[nv,w>. (2.81)
Thus the normal projection of the covariant derivative is

1
— < Vyw,n >= 3 (L) (v,w). (2.82)

Plugging the coordinate vector fields, v = 0; and v = 0;, into the above expression

results in the usual extrinsic curvature tensor, defined here as

1

The extrinsic curvature tensor is sometimes referred to as the “velocity of the spatial
metric,” and the tensors v;;(X) and K;;(X) characterize each slice of the foliation

[235]. What remains is how 7;; and Kj;;, and thus the slices ¥, evolve.

2.5.3 Arnowitt—Deser—Misner Equations

To facilitate projections of the Einstein equation onto parallel and perpendicular

tangent spaces will require the Gauss, Codazzi, and Ricci equations [235, 27]. These
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equations cover all possible projections of the Riemannian curvature tensor for M
[170], and express the result in terms of the Riemannian curvature tensor for ¥, the
extrinsic curvature, and the extrinsic curvature’s covariant derivative. We simply
state the result (see Refs. [235, 27] for a derivation) in the form of the ADM equa-
tions. These are the metric and extrinsic curvature evolution equations as well as

Hamiltonian and Momentum constraints.

Eq. (2.83) is the evolution equation for the metric, while one for K;; is found by

using Ricci’s equation and Einstein’s equation (2.16) to give

1 1
(2.84b)

We have defined the trace of the extrinsic curvature K = % K;;, the energy density

p = n°nPT,p, the spatial projection of the stress—energy tensor S;; = (T,s)", and its

trace S =~Y9;;.

The Hamiltonian (momentum) constraint is found by using the Einstein and

Gauss (Codazzi) equations

H=R- KK’ + K*=16mp (2.85a)

M; = D,K’, — D;K = 8njj, (2.85h)
where j; = —v*n°T,z.

The ADM evolution equations are (2.84), subject to the constraints (2.85). We

have not yet specified the lapse and shift. It is common to prescribe analytic forms
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or evolution equations for these. We return to this issue in Sec. 2.6.3.

2.6 The Generalized BSSN Formulation

Early attempts to evolve the Einstein equations relied on the 3+1 decomposition
developed in section 2.5. The resulting ADM system (2.5.3) proved only weakly
hyperbolic when expressed in first-order form, a fact partly accounting for difficulties
associated with its numerical evolution [136, 51]. Difficulties in evolving black hole
solutions to the Einstein equations also stem from singularities, gauge conditions
within the computational domain, and unstable constraint violation. The goal of
accurate and stable numerical integration of the Einstein equations has continuously
spurred the interest of numericists and theorists alike, leading to a wealth of new
formalisms as in this non-exhaustive list [96, 200, 65, 1, 33, 155, 97, 95, 85, 127, 11,

34, 28, 232, 7, 98, 13, 120, 99, 233, 202, 234, 138, 109, 182, 41, 147, 172].

From the plethora of formalisms, numerical relativists currently use one of the
following versions of the Einstein equations: the generalized harmonic (GH) system
(93, 109, 182, 147], or the BSSN system [200, 28, 11]. Both the GH and BSSN have

had remarkable success thanks to their numerical stability.

Additionally, there are three “flavors” of the BSSN system discussed in the liter-
ature: traditional, conformal, and covariant. As the name suggests, the traditional
BSSN system (referred to simply as ‘the BSSN system’) was the first and most pop-
ular version of the three. Starting with the ADM equations, the BSSN system is
constructed by performing a conformal-traceless decomposition of the metric and

extrinsic curvature. The conformal metric determinant is set to unity. However,
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as discussed in 2.6.2, the traditional system is neither conformal nor covariant, and

many of the variables are tensor density weights.

To correct many of these deficiencies Ref. [11] recently purposed modifying the
traditional BSSN system by relaxing the condition that the conformal metric’s deter-
minant be set to unity. The resulting GBSSN system features conformally invariant
equations, and, besides the conformal connection, no tensor density weights. A
later work considers a conformal and spatially-covariant (but not fully space-time
covariant) BSSN system [13], which evolves BSSN variables relative to a background

spacetime.

Apart from parenthetical remarks, this dissertation focuses exclusively on the
GBSSN system. There are both practical and theoretical motivations for consid-
ering the GBSSN over the traditional system. Our aim is to purpose and study a
new numerical method for evolving Einstein’s equations (in particular a BSSN-like
system), a task most easily accomplished in spherical symmetry. Yet, the traditional
BSSN restricts the conformal metric’s determinant to unity, and reduction to spheri-
cal symmetry is not straightforward (see [64] for a complete derivation). By contrast,
in section 6.2 reduction to spherical symmetry is performed by assuming a particular

anstaz and carrying out straightforward, although tedious, tensor operations.

In this section we discuss the GBSSN system in detail. The GBSSN variables
are introduced with some discussion. Sec. 2.6.3 summarizes the system used in this
dissertation along with our choice for gauge evolution equations. Evolution and
constraint equations are deduced from the ADM system of equations using tensor

analysis in appendix A.
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2.6.1 Conformal-Traceless Decomposition and the GBSSN

Variables

We begin by introducing the new variables. First we define a conformal spatial

metric 7;; and a conformal factor x ™" as

W EX" o o =X (2.86)

where n is a yet to be specified integer. With this definition the connection coeffi-

cients are expressible as

. 1 .
o= 0 [ ™)+ G ™), = Gax ™), ]
=l — gX_l (0% ok + 8" kX5 — " VikXm) (2.87)

where the conformal connection coeflicient has been introduced as

T
jk

17im = = =
57 (Vg + Vmk,j — Vikm) - (2.88)

Using the conformal connection we define the conformal covariant derivative Dy, and

note that the conformal metric satisfies D;ﬂij =0.

Next we decompose the extrinsic curvature K;; into trace K and traceless A;;

parts

- 1
Kij=x" (Aij + g%‘jK) ) (2.89)

which has been written with the conformal variable flij = x"A4;;.
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Finally, we introduce a set of conformal connection functions,
[ = f‘yjkf‘;k = 5712 (f‘yl/Qf‘y"j)’j (2.90)

and promote these to system variables. Along with the gauge variables a, 8¢, and B’
(to be introduced in sec. 2.6.3), we take 7;;, A;;, K, T, and y as the GBSSN system
variables. Indices of conformal variables are raised and lowered with the conformal

metric, for example, /L-j = ’_yim’_yjnf_lm”.

2.6.2 Interlude: Relationship to Traditional BSSN

We are now in a position to discuss the GBSSN and traditional BSSN systems in

"™ in each

greater detail. The characteristic difference is the tensorial type of x~
system. Physical variables 7;; and A;; are rank 2 tensors, whereas the tensorial

properties of the conformal variables 7;; and A;; will depend on x~".

The traditional BSSN system assumes 4 = 1, which is viewed as an additional
constraint. In the case of a unit conformal metric determinant we must have 7;; =
(7)"Y395, from which 4 = det(y~1/3v,;) = v *det(v;;) = 1. As v is a tensor density
of weight 2, v~'/3 has a weight of -2/3. Thus, in the traditional BSSN system
1/3

X" = 4'/3 transforms as a scalar density of weight 2/3; 7;; and A;; transform as

rank 2 tensors of weight —2/3.

Alternatively, in the GBSSN system x~" is introduced as an ordinary scalar,

which we solve for by taking the determinant of conformal metric’s definition y =" =

(v/ 7}/)1/ ® This distinction has three import implications. First, it is obvious from this

discussion that both the variables and equations will be (slightly) different. For ex-
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ample, terms proportional to £,Iny will appear throughout GBSSN (see Sec. 2.6.3),
but are absent from traditional BSSN. Second, in GBSSN we must decide how %
evolves in time. Two natural choices are “Eulerian” and “Lagrangian” conditions
[42]. Finally, the GBSSN system contains an additional equation and characteristic
field, in particular the principle parts of GBSSN and traditional BSSN are different.

Ref. [13, 12, 11] offers a more detailed discussion of these differences.

Although the traditional BSSN system, having arrived first, is more common,
GBSSN is easier to work with as nearly all system variables are tensors with no den-
sity weight. Furthermore, removing the restriction of a unit conformal determinant
could lead to a more robust system. Modern BSSN codes impose the unity condi-
tion by making the replacement 7;; — 7;;7~ /3 throughout the evolution. There are
indications that this brute force approach of imposing constraints could spoil the
numerical stability for spectral codes [167], however, a detailed understanding is still
lacking. In our case, GBSSN is particularly useful as it permits a direct reduction

to “spherical” coordinates.

2.6.3 GBSSN System

The GBSSN evolution equations can be derived by differentiating the system vari-
ables of Sec. 2.6.1 and using the ADM equations (2.84) and constraints (2.85). This
program is carried out in Appendix A. The resulting equations must be supple-
mented with equations which specify how the gauge variables evolve. We will use
the “I+log” and “T-driver” conditions [6] which have been employed in nearly all
stable binary black hole evolutions [32, 206, 119, 52, 26, 53]. With this choice in

mind, and setting the conformal factor exponent to n = 1, we will often refer of the
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GBSSN system without ambiguity:

L,a=—2K (2.91a)
3
w3 =—B 2.91b
Laf' = (2.91D)
B = Gy — B’ (2.91c)
Lnx = % (L,Iny +2K), (2.91d)
1 _

L% = g%jﬁnh@ — 24y, (2.91e)

1 |

(0]

B 1 - o 1 TF
EnAij = gAZjﬁan’_}/ + KA” — QAZkAk] + X (le - aDiDjOé — 87‘(’5@') (291g)

a 1.4 1 .. . .
801” = —51”601117 — 6’7”(%‘80111’7 — 214”6]‘0(

R S 9
— 2« [87TX_1j’ — A]kl‘;-k + §X_1A”8jx + gvljf?jK] , (2.91h)

where Jy = aLl,, = 8, — Ls. A damping parameter 1 and auxiliary field B have been

introduced. Motivations for these choices are discussed in [6].

Instead of imposing 4 = 1 as in the traditional BSSN system, we must specify how
the conformal determinant evolves. Our particular choice, coined the “Lagrangian
condition” in [11], specifies d;)Iny = 0. Accordingly, throughout system (2.91) the

following replacements are made éoln”y — —2D; 3"

In addition to the ADM Hamiltonian and momentum constraints (2.85), a new

constraint arises from the introduction of conformal connection functions. System
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(2.91) must satisfy

= s 2
H=R- A;A7 + gK2 = 167p (2.92a)
) 2 ..
MF = D; AP — gyl“DiK = 8" (2.92b)
G =T"— 4, (2.92¢)

Along with the GBSSN evolution equations these are derived in Appendix A. Note
that M¥, which features both the physical spatial metric and covariant derivative,

is expressed entirely with GBSSN system variables by Eq. A.9.



CHAPTER THREE

The Discontinuous Galerkin

Method for Hyperbolic PDEs
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3.1 Introduction

In the last chapter we encountered the relevant PDEs to be solved. This chapter
develops the necessary tools to accomplish this task. In particular, we will discuss
properties of hyperbolic PDEs and develop the basic building blocks of a nodal
dG scheme for such systems. We begin by briefly introducing some definitions and
terminology in Sec. 3.1.1. Section 3.2 defines the concept of strongly hyperbolic
systems for a variety of PDEs while commenting on the the hyperbolicity of our RWZ
and GBSSN systems. The importance of well-posedness at both the continuous and
discrete level is noted, and an extended discussion of stability for strongly hyperbolic
systems is given. A nodal dG scheme is then proposed for a strongly hyperbolic toy
PDE system in Sec. 3.3. The model PDE is simple enough as to not obfuscate the dG
construction while also being sufficiently realistic that the discretization procedure
is directly applicable to our problems of interest. Problem specific choices, such as
the numerical flux form and treatment of second order spatial operators, are delayed

for future chapters.

3.1.1 Notation, Norms, and Geometry

We suppose our physical domain € is the closed interval [a, b] € R!. We cover  with

K > 1 non-overlapping intervals D* = [a*, 0*], where a = a!, b = b%, and b*~! = a*
for k =2,---, K. The computational domain €2, is defined by the union
K
Q~q,=|JD* (3.1)

k=1



5]

over subdomains D*. To succinctly represent the different domains let D be a place-

holder for any of the three regions 2, €2, or D*.

For any two square integrable functions f,g: D C R! — R! define the L, inner

product and norm on D by

(f.9)0 = / fodr,  Ifllo = vF e, (3.2)

and z is a spatial coordinate on D. When D = 2, these are referred to as the global

broken inner product and norm

K
o, =Y [ fode. 17l = /(7. D (3.3)
k—1 v DF

For any bounded function f: D C R! — R! define the L., norm

[flloc = max | f(z)], (3.4)
zeD
which could be measured in L (Q), Lo (D¥), or Lo, ().

Sometimes we will work with vectors built from scalars. For any two square
integrable column vectors f,g: D C R! — R™ define an inner product and norm on

D componentwise

(f.9)0 = / fTode.  fllo = vV Do, (3.5)

where 7 denotes the transpose of f.
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3.2 Hyperbolic PDEs and Stability

Perhaps the most prominent example of a hyperbolic PDE is the wave equation
—0?u + 0*u = 0. The solutions describe information, or energy, moving along a
given direction. For example, according to d’Alembert’s formula, a solution to our
wave equation may always be written as a sum of left and right traveling waves of a
fixed shape u(t,z) = F(x —t)+ G(x +t), where F' and G can be expressed in terms

of initial data [113].

A general definition of hyperbolicity can be motivated as follows. Consider the

initial value problem

oW = AW' + B(t, )W + S(t, x),

A

W(0,z) = W(z), (3.6)

where the prime stands for differentiation with respect to the spatial variable z, W
is a column vector of length n, and A is an n—by—n matrix. Furthermore, assume
the appropriate boundary conditions are supplied. The matrices B and S denote
potential and inhomogeneous source terms respectively, and the principle part of
(3.6) is identified by neglecting exactly these terms. System (3.6) is called strongly
hyperbolic if the eigenvalues \; of A are all real and there exists a complete basis of
eigenvectors [112]. For such systems A is diagonalizable S™'AS = A for an invertible
matrix S and diagonal matrix A. Now define a column vector of characteristic

variables V.= ST'W to express principle part of system (3.6) as

@J/ — AV/,

A

V(0,z) = V(z)=S"'W. (3.7)
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Then, like the usual wave equation, the solution’s components V; = ‘A/i()\it + )

describe traveling waves of a fixed shape.

Extending the definition of strong hyperbolicity to a quasi-linear variable coef-
ficient system is surprisingly straightforward. Consider the following initial value

problem

AW = A(t,x, W)W’ + B(t,z, W)W + S(t, z),

A

W(0,z) = W(z), (3.8)

where the matrix A(t, z, W) and solution W depend smoothly on their arguments,
and appropriate boundary conditions have been supplied. System (3.8) is called
strongly hyperbolic at a fixed (g, xo) and W) if the eigenvalues of A(ty, o, Wo(to, xo))
are all real and there exists a complete basis of eigenvectors [112]. This criteria,
which is employed in our analysis of the GBSSN system, is carried out as linearization
followed by localization. We proceed with an example. Suppose Wy (¢, x) is a solution

to system (3.8) and write

W(t,x) = Wy(t,z) + ew(t, ), (3.9)

where € << ||[Wy(t,-)||s- Schematically, the perturbations satisfy a linear system

0w = eA(t,z, Wo)w' 4+ O (¢*) + (Lower Order), (3.10)

where ‘Lower Order” stands for all terms which are O (¢), but do not feature w'.

The principle part

Oyw = A(t, z, Wo)uw', (3.11)
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is then analyzed with a localization principle [196]. Let A(t,z) = A(t,x, Wp) and

perform a coordinate transformation t =ty + 07 and x = xy + 60X such that

w (T, X) = w(ty + 6T, zo + 6X),

Orw’ = A(ty + 0T, zg + 6.X)Oxw’, (3.12)

where zy and ty are the “frozen” coordinates and 0 is a parameter. Taking the

pointwise limit of § — 0 results in

8TU}6 = A(to,l’o)axw(s. (313)

For a fixed point in space and time the principle part of system (3.8) linearized
around W reduces to a constant coefficient system of the form (3.6). Thus, in the
limit (d,¢) — 0 the notion of strong hyperbolicity for a quasi-linear system (3.8)
coincides with the constant coefficient case'. Applying this criteria to a continuous

range of solutions and coordinates identifies a region (¢, z, W) of strong hyperbolicity.

A larger class of problems, which includes the GBSSN system, are given by

oW = A(t, e, W)W" + B(t,z, W,W" W' + C(t,x, W)W + S(t, z),

W(0,z) = W(x). (3.14)

These are second order in space first order in time PDEs where we continue to assume
all matrices and solutions depend smoothly on their arguments. A straightforward
extension of the aforementioned hyperbolicity discussion to the second order system
(3.14) is achieved by considering possible (non—unique) first order reductions. As an

initial attempt at first order reduction we define new fields Q = W', which evolve

LOur definition is sometimes referred to as pointwise strongly hyperbolic (see chapter 3 of
Ref. [140] for a complete discussion).
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according to 9,Q = (0;,W)’, and study the hyperbolicity of the enlarged system. If
the enlarged (Q, W) system is strongly hyperbolic according to a previous definition,
then system (3.14) is strongly hyperbolic provided that auxiliary constraints @ = W’
are satisfied. Refs. [140, 100, 110, 111] further discuss the concept of hyperbolicity

in the context of second order systems.

From the preceding discussion we conclude that the RWZ equations are strongly
hyperbolic, a first order reduction is explicitly presented in Sec. 4.2.6. Although Ein-
stein’s equation is not written in a form which is manifestly hyperbolic, in Chapter 2
we constructed an enlarged first order in time second order in space GBSSN system.
Strong hyperbolicity of the spherically symmetric GBSSN system is demonstrated
in Sec. 6.2.3. Gravitational waves impinging on the Earth are described by a wave

equation for the tensor field perturbation (2.18), another strongly hyperbolic system.

We have defined strong hyperbolicity for constant coefficient, variable coefficient,
quasi-linear, and second order systems. Why is it useful to know if an initial value
problem is strongly hyperbolic?? There are a few important reasons for doing this.
Before trying to solve an initial value problem it would be useful to know if such

an undertaking makes sense. The problem is well-posed if it does. We say that the

1. The problem has a solution
2. The solution is unique

3. For constants a and K independent of initial data W the solution’s norm is

bounded by the norm of the initial data as

2Further classifications of hyperbolicity may play an important role in a rigorous analysis, but
will not be discussed here. As the primary focus of this dissertation is computational, our approach
to hyperbolicity is one of practicality.
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W () le < K [W()]lo. (3.15)

We will always assume that a unique solution W exists. Condition (3) is known as
stability and it demands that small changes to the initial data do not lead to large
changes in the solution. Showing an initial value problem is strongly hyperbolic
constitutes significant progress towards a stability bound; 1) a strongly hyperbolic
linear PDE system in 1D is stable [140], and 2) for a non-linear system strong
hyperbolicity at Wy is often a necessary condition [112]. Additionally, the second
order system (3.14) is well-posed if it admits a first order reduction which is well-
posed and auxiliary constraints = W’ are satisfied. A stability bound for second
order systems might feature those auxiliary variables () which arise from the first

order reduction [111].

Stability bounds play an essential role at both the continuum and discrete level.
When constructing a stable numerical scheme it is important to understand semi—
discrete stability, that is can we find a bound of the form (3.15) where the temporal
coordinate is continuous and the spatial operator has been discretized. For a dG
method the numerical flux, to be introduced in the next section, is intimately linked
to the scheme’s semi—discrete stability. A good choice of numerical flux is often
informed by the system’s characteristic variables and speeds, and for a wide class of
problems the correct choice is known. But for GBSSN system a numerically stable
choice is not obvious, and we rely upon both hyperbolicity and stability arguments

while discretizing the GBSSN system.

Beyond considerations of stability, hyperbolicity may be important in other as-
pects of the numerics too. For example, the largest stable timestep scales with the
maximum wavespeed of the system. When treating the RWZ equations, knowledge of

the characteristic fields at the particle’s location allows the correct jump information
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Dk-l Dk Dk+1
| | | |

|
k-1:ak bk:ak+1

Figure 3.1: TREATMENT OF THE PHYSICAL GEOMETRY FOR A TYPICAL DG SCHEME. Subdomain
DF and it’s neighbors are shown.

implied by the d-like singularity to be enforced.

3.3 A Nodal Discontinuous Galerkin Method

Following Refs. [121, 89, 91], this section develops a nodal discontinuous Galerkin
method. Ultimately, we adopt a method—of-lines strategy, and here describe the
relevant semi—discrete scheme which arises upon spatial approximation by the dG
method. Temporal integration may then be carried out with a suitable ordinary dif-
ferential integrator. DG methods incorporate and build upon finite-element, finite—
volume and spectral methods, and in this section the reader will recognize the fea-
tures our dG approach shares with these more traditional methods. For example, on
each subdomain our approach features an integral formulation of Legendre colloca-
tion, and our technique for coupling subdomains draws on finite—volume methods.
This section will focus on the practical elements which are applicable to both the
GBSSN and RWZ systems, as well as on the properties of the scheme and general

considerations.
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3.3.1 Basic Ingredients of the Scheme

We began building our scheme back in Sec. 3.1.1 by defining a computational do-
main 2, as a collection of subdomains (sometimes called elements) D¥. Upon closer
inspection, notice that we have significant freedom in choosing each D*; the only
constraint is that our physical domain is covered and the boundaries of subdomains

overlap. In general, the process of building §2;, from €2 is unstructured.

In what follows let the variable coefficient initial value problem?

(9,5W = A(t, ZL')W/,

W (0,z) = W(z), (3.16)

serve as a representative example for the nodal dG construction. W is a column
vector of length n and A an n—by-—n smooth diagonal matrix. Assume the system
is strongly hyperbolic and each diagonal entry \;(t,z) of A is real for all spacetime

points considered.

On each subdomain D¥, we approximate each component of the system vector

W; = WU by a local interpolating polynomial of degree N. For example,

N
Ukt x) = Z\I/tm e (3.17)

3Pedagogical treatments of dG often focus on systems in conservative form 9, W = (A(t, )W)’
However, our problems of interest are given on non—conservative form and so we find this system
to be of greater practical value.
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approximates W, where (¥(x) is the jth Lagrange polynomial belonging to D,

N k
) =TT 225 318
J(@ Zl_{xég_xf ( )
i#j

Evidently, the polynomial U¥ interpolates ¥ at the xé“ Throughout this dissertation,

k

7, consider the

approximations are denoted by a subscript h. To define the nodes x

affine mapping from the unit interval [—1, 1] to DF,
2 (u) = a* + (1 + ) (b* — d¥), (3.19)

and the N+1 Legendre-Gauss-Lobatto (LGL) nodes u;. The u; are the roots of the
equation

(1 —u?)Py(u) =0, (3.20)

where Py(u) is the Nth degree Legendre polynomial, and the physical nodes are

simply xé“ = z"(u;). In vector notation the approximation (3.17) takes the form
Uk (t, ) = OF () 108 (x), (3.21)
in terms of the column vectors
Or) = [W(t,2h), -, Ut 2], @) = [), - (@) (3.22)

An approximation W} of the full system vector W is achieved by applying the above
construction componentwise, with ¥ being the i'" component. Thus the column

vector

wWht) = (Wi, W] (3.23)
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contains n(N + 1) degrees of freedom for which to be solved. The global solution

K
Wit x) = P Wi (t,z) (3.24)
is obtained by direct sum.

On each open interval (a*,v*) C D* and for each component of the equations in
(3.16), we define local residuals measuring the extent to which our approximations
satisfy the original continuum system. Dropping the subdomain label k£ on the

polynomials and continuing with ¥ as a representative example, the local residual is
(R =000, — (\T),, . (3.25)
Here, for example, the second term reads?
(AT, = (M), 050, (3.26)
and derivatives may be analytically computed by Eq. (3.18).

Recall the definition of a local inner product and consider the following expression
(fg?, (R\p)ﬁ)Dk. Namely, the inner product between a residual and the jth Lagrange
polynomial on D¥. We call the requirement that this inner product vanish Vj the
kth Galerkin condition. For each component of the system and for each k there is
a corresponding Galerkin condition. We have achieved a spatial discretization of
system (3.16), and in total there are nK (/N 4 1) ordinary differential equations to

be solved.

4 At this stage the expression is generically a polynomial of degree 2N — 1. The conventions
adopted in Eq. (3.25) prove useful while working with the residual. However, to obtain the final form
of the numerical approximation we will ultimately replace all terms with degree-N polynomials.
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Enforcement of the Galerkin conditions on each D¥ will not recover a meaningful
global solution, since they provide no mechanism for coupling of the individual local
solutions on the different intervals. Borrowing from the finite volume toolbox, we
achieve coupling through integration by parts on x and introduction of the numerical

flux at the interface between subdomains. Using integration by parts, we write

bk'
bk
(6. (Ru)i)or = /  de[Gows + 6 A)] = (WD)

a

(3.27)

where we have suppressed the coordinate dependence in all terms on the righthand
side. In lieu of (3.27) with (£%, (Ry)})pr = 0, we enforce the equation
bk

(¢ (Ra)or = [ dofbouvh + O] - (v0)°6

a

pk

e (3.28)
This equation features a numerical flux, (A\;¥)*, rather than the physical boundary
flux, (\WF). We will often write the numerical flux without labels k and h for

convenience. The numerical fluxes are determined by (as yet not chosen) functions
(NP)" = (ANP) (M), (A D)y,) (3.29)

where, for example, (\;¥), is an interior boundary value [either (\;W)¥(¢,a¥) or
(A W)5 (L, b%)] of the approximation defined on D¥, and (A;¥);" is an exterior boundary
value [either (A\,W)F~1 (¢, b¥1) or (A, W)F (¢, aF+1)] of the approximation defined on
either D! or D*!. Choosing a functional form for (A\;¥)* will couple adjacent
subdomains and enforce semi—discrete stability, and is problem specific. Numerical
flux expressions frequently feature the numerical average and jump defined at each

subdomain interface, for example

{upy =S +v), @], =00 nw (3.30)
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Here n™(n™) is the local outward pointing normal to the interior (exterior) subdo-
main and can be +1. The numerical jump is not a predetermined analytical jump

as defined in Eq. (4.21), and it has a different sign convention.

Returning to Eq. (3.28), we now employ an additional integration by parts to
arrive at the integral statement

/b dz [0,V — (N0 — [ (ND)* — (Ai\p)h}zﬂf; =0 Vj. (3.31)

k

We refer to the dG scheme in weak (3.28) or strong (3.31) form to indicate if one or

two integration by parts have been taken.

Remark: The term ‘nodal discontinuous Galerkin’ should now be clear. We
seek a global discontinuous solution interpolated at nodal points and demand this

solution satisfy a set of integral (Galerkin) conditions.

Let us now write the N+1 equations (3.31) in matrix form. To write down the

matrix form, we first introduce the kth mass and stiffness matrices,

bk bk
M{;: / dxﬁf(x)e;?(x), S;;.: / dxef(:c)ég?’(m). (3.32)

k k

These matrices belong to D¥, and the corresponding matrices belonging to the ref-

erence interval [—1, 1] are

1

M — /_ b)), Sy = /_ duts ) (), (3.33)

where /;(u) is the jth Lagrange polynomial determined by the LGL nodes u; on

whence

[—1,1]. These matrices are related by M} = (b* — a*)M;; and S = Sy,

only the reference matrices require computation and storage.



67

We will use the matrices M* and S* in obtaining an ODE system from (3.31).
Towards this end, we first approximate products of polynomials, for example ()\i\Il)z,
by degree-N interpolating polynomials. Such approximations are achieved through

pointwise representations in the following way (cf. footnote 4):
N
D)y = M)y T = ) Nt ab) (e, 2b) e (). (3.34)
j=0

Note that the expressions on the right and left are not equivalent due to aliasing
error [124], and in Sec. 6.3.3 an exponential filter is introduced to control aliasing

driven instability. Vector notation for this replacement will be
D) (AD), (7€ (r). (3.35)

The dependence on coordinates has been retained on the right—hand side for clar-
ity, but it is already awkward for this simple expression and will often be omitted.

Operations among bold variables are always performed pointwise.

Carrying out the integrations in (3.31), which bring in M* and S*, we arrive at

W = X\ DW + ML (L) — (L)) [ (3.36)
where we have again suppressed the superscript £ on all terms except Ek(r), and the
subscript h is dropped on all boldfaced variables. As described in [121], the spectral
collocation derivative matrix

dr

— .k
T=T;

(DX, = (3.37)

can also be expressed as D* = (M*)~1S* which appears in (3.36). The remaining
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semi-discrete evolution equations are similarly obtained.

3.3.2 Properties of the Proposed DG Scheme
Convergence and Error Estimates

To conclude the section we provide theoretical error estimates for our method. First,
we invoke a slight change of viewpoint. Notice that the integral statement (3.31) is
equivalent to finding a U5 € Vi such that

/b dz [0, ) — (NU)f o — [ (M) — (/\Z-\I/)h]v}zlz =0 YoeVi (3.38)

k

Here V¥ is the space of degree N polynomials defined on D*. Additionally, instead of
approximating ¥ through interpolation (3.17) we now approximate it as a sum over
a collection of Legendre polynomials which spans V. Under an affine mapping of D*
to the unit reference interval [—1, 1], appropriately normalized Legendre polynomials

P, (u) form an orthonormal basis and we write

N

Ul (tu) =D ab(t)Pa(u),  aj(t) = /_ U P, (u)du. (3.39)

=0

Appealing to the properties of P, one can show the approximation error for a suffi-

ciently smooth ¥ is given by [121]

W — W llor < C(t) (h)™ (3.40)

Leg

where hy, is the length of D¥. We see that the error decays exponentially with N, this

property is often referred to as spectral convergence. However, our scheme’s basis
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functions are Lagrange interpolating polynomials. The Lebesque constant

ue[—1,1

A= maX}Z 14;(u)] (3.41)

is a useful measure of interpolation error. If ¥ is the analytic function, Wy, it’s

k

Leg: We can form

expansion in Legendre polynomials, and W} the interpolation of ¥

a bound [121]
1 = Whllee < (14 A) ¥ — Pr ]l (3.42)

A depends only on the chosen set of nodal points through the definition of ¢; (3.18),
and the LGL set (3.20) minimizes A [121]. With this choice interpolation error

remains small and we continue to expect convergence like

1 — hllor < O() ()™ (3.43)
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4.1 Introduction

An extreme mass ratio binary (EMRB) is a system comprised of small mass—m,,
“particle” (possibly a main sequence star, neutron star, or stellar mass black hole)
orbiting a large mass-M black hole, where the mass ratio p = m,/M < 1. EMRB
systems are expected to emit gravitational radiation in a low frequency band (107°
to 107! Hz), and therefore offer the promise of detection by the joint NASA-ESA
LISA project [169, 126]. A standard method for studying some EMRBs uses the
perturbation theory of Schwarzschild black holes in an approximation which treats
the particle as point-like and responsible for generating small metric perturbations
which radiate away to infinity. These perturbations influence the trajectory of par-
ticle, resulting in deviation from geodesic motion. Nevertheless, as a first and useful
approximation, one may compute the emitted gravitational radiation, assuming that

the particle worldline is a timelike geodesic in the Schwarzschild spacetime.

For the scenario we consider, simulation of ERMBs entails numerical evolution
of Schwarzschild perturbations. We now give a brief and unified summary of the
main results from Sec. 2.4. Consider a small perturbation h,g of the background
Schwarzschild metric in standard coordinates, and the perturbation satisfies the lin-
earized Einstein equation. The perturbation naturally decomposes into polar and
axial parity sectors for each (¢, m) harmonic mode hﬁ’g = hi"é’P + hﬁ"g’A. Each parity
sector can be reconstructed from a collection of scalar master functions. Both the

polar and axial master functions are governed by forced scalar wave equations with
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the following form generic form:!

—83\1/% -+ a,%qum — Vg(?”)‘l’gm =

F() [Geom(t,7)d(r = 1p(t)) + Fom (t,7)0'(r — 1p(1))].

(4.1)

The coordinates here are the areal radius r, the Regge-Wheeler tortoise coordinate
x =1+ 2Mn(3r/M — 1), the time-dependent radial location 7,(t) of the particle,
and f(r) = 1 —2M/r. In our scenario the stress—energy tensor 7, given in (2.28)
corresponds to a material point particle, and is therefore a distribution. The distribu-
tional inhomogeneity on the right-hand side of (4.1) stems from 7},,, and it involves
Dirac delta functions, as well as the ordinary functions Fy,(t,7), Gen(t,7). The
polar case corresponds to the Zerilli potential (2.38) and the Zerilli-Moncrief master
function WM (2.37). The axial case corresponds to the Regge-Wheeler potential

(2.45) and the Cunningham-Price-Moncrief master function WEFM (2.44).

A number of numerical methods for solving (4.1) as an initial boundary value
problem, and therefore modeling EMRBs in the time-domain, have appeared in the
literature. In particular, we note Lousto’s fourth-order algorithm [153] based on
spacetime integration of (4.1) and careful Taylor series arguments, and Sopuerta
and Laguna’s adaptive finite—element approach [204]. Jung, Khanna, and Nagle
have applied a spectral collocation method to the perturbation equations for head—
on collisions, using spectral filtering to handle the delta function terms [134] and
a finite—difference domain at the outer boundary to reduce artificial boundary re-

flection [61]. To accelerate self-force computations Thornburg has proposed a finite

1 'We could instead work with the equation
_6t2\I/€m + ai\pém = Ve(r)¥em = Gom ()3 (r — 1p(1)) + Fem ()8 (r — (1)),

where Gy, () and Fyp,(t) depend only on ¢, and not on r. The relationships between Gy, (t) and
Fim(t) and our G (t,r) and Fy,(t,r) follows from comparison between the right-hand sides of
Eq. B.1 and the last equation.
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difference method with Berger-Oliger adaptive mesh refinement [218, 216], and Vega,
Diener, and Tichy are exploring a full 3+1 finite difference code [229]. Canizares and
Sopuerta have proposed a multidomain spectral collocation method, with the particle

location chosen between spectral elements [56, 58].

Clearly, the key difficulty to overcome is the distributional forcing; however, the
problem should be amenable to a high—order accurate method, since —apart from
possible transients— the solutions we seek to compute are everywhere smooth, except
for jump discontinuities at the particle location. As a suitable high—order scheme for
solving (4.1), we propose a dG method, and our approach shares some similarities
with Refs. [204, 134, 56], in particular we also ensure that the particle always lies
at the interface between domain intervals. Improving upon low—order methods, our
method achieves pointwise spectral accuracy (see also Refs. [50, 58] which consider a
scalar charged particle), in particular at the particle’s location. This work is one of
the first applications of dG methods to the modeling of gravitational waves (see also
[241]), and the first dG computation of gravitational metric perturbations driven by

a point—particle.

Resolving the metric perturbation very close to the particle is paramount when
computing the gravitational self-force. These computations comprise a major cur-
rent effort within with EMRB modeling community, and much progress has already
been made [19, 22, 56, 80, 218] (a representative, but far from exhaustive list). The
major bottleneck towards an accurate and efficient self—force code is treatment of the
delta function. Popular approaches, for example replacement by narrowly peaked
Gaussian, all suffer from large oscillations and poor accuracy at the particle’s loca-
tion making computations of the form (2.64) inaccurate and costly. In this chapter
we describe our domain matching technique to overcome this difficulty, and self-force

computations are presented in Sec. 5.3.4.
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This chapter is organized as follows. Section 4.2 provides further background nec-
essary to understand the physical model. In particular, this section presents ODEs
used to describe the particle’s motion, constructs source terms found on the right
hand side of (4.1), derives jump conditions in the master functions and their deriva-
tives, and constructs a coordinate transformation adapted to the particle history.
This background allows us to rewrite (4.1) as a first—order system which features
only undifferentiated delta-functions in the forcing. Section 4.3 describes our dG
scheme as applied to the first—order system obtained in the previous section. Here
we focus on the numerical flux and on how delta function terms are incorporated into
the numerical flux function. Specification of initial data and boundary conditions
are given Sec. 4.4, along with our procedure for extracting gravitational waveforms
to future null infinity. A series of code performance tests are summarized in section

4.5. Section 4.5 also provides physical results for circular and eccentric orbits.

4.2 RWYZ Equations in the Presence of a Perturb-

ing Particle

Throughout, we use an over—dot to denote 0/0t differentiation, and sometimes a
prime for differentiation by argument. The labels (¢,;,CPM/ZM) are often sup-

pressed.

4.2.1 ODEs of Particle Motion

In Sec. 2.4.5 we derived a system of first order ODEs (2.63) describing the particle’s

orbit for a fixed energy and angular momentum. As an alternative set to (E,, L,), we
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may instead work with (e, p), the eccentricity constant e, semi-latus rectum constant

p. These constants of the motion are related to our original set by [75, 157]

o PM e (p-2f-de (4.2)
p _ 9 _ 527 p 9 _ 2\ :
p—3—e pp—3—e?)

Using the equation of motion ¢,(7), set r,(t) = r,(7(t)) for the radial coordinate
of the particle expressed in terms of coordinate time, with similar expressions for
0,(t) and ¢,(t). Introducing the parameterization r,(t) = pM/(1 + ecos x(t)), we
obtain the particle trajectory (r,(t), ¢,(t)) by integration of the following system

which describes timelike geodesic motion: [62, 204, 75, 157]

do, _ (p — 2 — 2ecosy)(1 + ecosy)? (4.30)

dt Mp3/2 [(p —2)2 — 462} 1/2

dy  (p—2—2ecosy)(1 + ecosy)? [p — 6 — 2ecosy] 12

dt Mp> [(p —2)2 - 462} 1/2

(4.3b)

We use x(t) rather than r,(), since the former increases monotonically through radial
turning points. In our scenario, integration of the system (4.3) is independent of
(4.1). Therefore, we may view the particle path, and so the right—hand side of (4.1),
as predetermined. We shall be interested in the parameter restriction 0 < e < 1, for
which the motion occurs between two turning points and the orbit is bounded. The
Tmin and Tmay occur respectively at pM /(1 + e) and pM /(1 — e), and for e = 0 the
orbit is circular. Measured in coordinate time ¢, an eccentric orbit executes a radial

period in time T, given by [75]
2(3+ €COSX):| ~1/2 [1  2(1 + ecosy) - (4.4)

2m
T, = C’/ dx(1 + ecosx) > [1 —
0 p p

corul (-3~ (2)]

1/2
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When e # 0, we average physical quantities built from components of Isaacson’s

effective stress—energy tensor (2.51) over 4 radial periods, as defined by Eq. (4.68).

4.2.2 Zerilli-Moncrief (Polar) Source Term

The Zerilli-Moncrief source term is specified by

FrVER ¢t r) = eg(r)ng(t) (4.5a)

FYG(t, 1) = ap(r)Y™(t) + bg(T‘)qum(t) + Cg(r)Yf(;”(t) + d@(?‘)Zégl(t), (4.5b)

where the polar tensor harmonics are given in Sec. 2.4.2. Here, for example, Y " (t) =

Y™ (7 /2, ¢,(t)). Moreover, the coefficients in (4.5) are given by [204, 157]

8tm,  f2(r) {6MEp ~Ay(r) { 3M Ly <ng+3— ™ ]

1 _ 2
1+ ny) rAZ(r) r E, + r + r2 r

ap(r) = (

(4.6a)

167mm, f*(r) L, ,
be(r) = 1+ o) TQAEO)“) Epu (4.6b)
co(r) = 8mm,  f3(r) L_z27

(1+ng) r30(r) Ep

(0201 f2(r) L2
P(+2)! r E,

_ 8mm, f3(r) 1 L_f) .
") = T3 n) NG E, (1 + r2> ! (4.6¢)

(4.6¢)

de(r) = —32mm (4.6d)

where ny = (0 +2)({ —1)/2 = Ay(r) —3M/r, and u" is determined by (2.63) and the
sign of 7,(t). Due to the u" factor, we may not, strictly speaking, interpret by(r) as
solely a function of r, but f(r)u"/E, could also be reinterpreted as 7,(¢) and paired

with Y™ (t).
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4.2.3 Cunningham—Price-Moncrief (Axial) Source Term

The Cunningham—-Price-Moncrief source term is specified by

Fr)Eg ™ (t.r) = Co(r) X3 (t) (4.7a)
FRYGEEM(E, 1) = Ad(r) XEm(8) + Bo(r) X27(1), (4.7b)

where the axial tensor harmonics are given in Sec. 2.4.3. As before, (¢) indicates
evaluation on (0, ¢) = (7/2, ¢,(t)), and the coefficients in the above expressions are
as follows:

A(r) = 32mm, (i - ?: fi(j) é—g [f(r) Y (1 - g) (1 + f—f)} (4.82)

)
0—2) f2(r) L2
£+§) L, (4.8b)
¢

(

B =32 (
Z(T) = 94Ty | 3 E2
: p

(£ +2)
(-2 )L, (L
P+ r E_g(Hﬁ)' (4.8¢)

Cy(r) = 32mm

As before, we may not truly interpret By(r) as a function of r, but nevertheless
keep this convenient notation. We note that our Ay(r) does not agree with the
corresponding factor u,(r) quoted in Ref. [201]; however, we find that u,(r) = Ay(r)—

C)(r). Due to this discrepancy, we present our derivation of (4.8).

Derivation of the Axial Source Term

Our goal is to establish formulas (4.7,4.8) for the Cunningham—Price-Moncrief source

term,

SOPM — GOPM s — 1) (1)) + FOPM (r — 1, (1)). (4.9)
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Here and in what follows, we suppress (¢, m) indices wherever possible. Our starting

point is Martel and Poisson’s expression for S“PM in (¢,7) coordinates,

2r 2M
S = ey (f_latpr IO Wpt) | o

This result appears in Appendix C of their expanded version of [159], where Syqq in

that reference is our S“PM. The vector P4 = (P!, P") is given by Eq. (5.10) of [159],

16772 ]
pA = E(?% / doTA XM (4.11)
52

but here with our index conventions.

The stress—energy tensor for a point particle (2.28) is

w
T =m,

uu’ 6t (2 — 2%(7))dr. (4.12)

p

[

Seh — 4 sin? § the determinant of the background Schwarzschild metric.

here with g
We now change coordinates dr = (d7/dt)dt, integrate over ¢, and use u* = dt/dr,

thereby finding

T — iy =25 — 1y (£)5(6 — 8,(6))3(6 — (). (4.13)

Putr?siné

Combination of Egs. (4.11) and (4.13), with the assumption of equatorial motion,

then gives

4 16mm, utu?

=) w em/2 ()00 = (). (4.14)

Because we have not integrated over r, the four—velocity components u* here may
be viewed either as functions solely of 7, or solely of ¢ upon replacing r by 7,(t).

Either viewpoint will yield the same derivatives dpP# insofar as integration against
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test functions is concerned, and we view the components u* as depending on r. The
delta functions of course depend on both r and ¢. Having identified which terms

depend on r and ¢, we then calculate

¢ 16mmy, 16mm, 4
*P =T 1)(9TU¢)X¢5(7‘ —mO)+ 1)U¢X¢8T5(r — (1)) (4.15)
OpP — 16mm,, uu®
v (0+1) o %
Ud) — u’ _ u
{ [E@X@ — O (J) X¢} o(r —mp(t)) = 5 Xp0:0(r — rp(t))} . (4.16)

To reach the last equation, we have replaced gisp(t) by u® /ut, which is permissible due
to the presence of the accompanying delta function. Moreover, we have also made

the replacement

u”"

()" (r —rp(t)) — Z—:(S’(r —rp(t)) + (E) 8(r — (1)), (4.17)

where the prime denotes partial r—differentiation. Finally, substitution of the last

two results into Eq. (4.10), along with Eq. (2.63) and the identity

o (2) =0 () o] 2

yields the desired results (4.7,4.8). We have also used Xy (7/2, ¢) = 0, Xy(7/2, ¢),

that is ordinary partial differentiation suffices in the equatorial plane.
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4.2.4 Jump Conditions

The forcing (4.1) induces jump conditions on the master function. Derived in Ap-

pendix B, these are the following:

(F (1) =) [¥]] = fo()F (2, rp(2) (4.19a)
21 ()0 [[9]] + (7 (1) — (W) gp() [¥]] + (f; () — 75 () [0, 7]

= LoO)G(t, (1) = gp(t) (8, mp(1)) = fp(O) (L, 7p(2)), (4.19D)

where the subscript r in F,.(¢,r) denotes partial differentiation with respect to the

second slot, and

fo®) = flrp(),  gp(t) = f'(rp(t)) # Oufp(1) (4.20)
are shorthands. In (4.19) our notation for a time-dependent jump is, for example,

(V]| (t) = Lm [W(t,r,(t) +€) — U(t,rp(t) —€)]. (4.21)

e—0t

Defining the particle velocity as v,(t) = @,(t) = 7,(t)/ f,(t), we see that (4.19a) has

the form

Fo®) (1 = vy (1) [[]] = F(t,75(2)), (4.22)

confirming that the jump [[¥]] is well-defined for a subluminal particle speed, |v,| <

1. Therefore, we may safely make the substitution

_ So(OF(t (1))
[[\I]ﬂ - fg(t) _ T%(t) (423)
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in all formulas which follow. Differentiation of (4.23) gives

_ 2/ () F(E, (1)) [Fp(t) — fp(t)gp(0)]
Al = (20— 20
BOROF 0, 1,(0) + LR 0) + LR OF 1)

* 12() — 72(1)

(4.24)

Finally, we may express (4.19b) as

[0:0]] = [ =27, ()0 [[T]] — (7p(t) — fo(£)gp(t)) [[¥]]

+ L(OG (1) = g (O F (,1(1) — (), 1(1)] /(£ (E) = 75(1)),
(4.25)

with the understanding that here [[¥]] and 9, [[¥]] respectively stand for (4.23) and
(4.24). Again note that f2(t) —72(t) > 1 for a subluminal particle speed, whence the
jumps 0y [[\I/ﬂ and [[@\Pﬂ given by Eqs. (4.24) and (4.25) are finite. The formulas

[ow]) = o [[v] - #@[ow]l,  [2:9] = h®[ov]  (426)

prove useful later.

4.2.5 Coordinate Transformation Adapted to Particle His-

tory

Now assume that x € [a,b] specifies the computational domain and the time-

dependent particle location x, = x,(t) obeys a < x,(t) < b, ¥t. We enact the
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coordinate transformation

t=\ (4.27)

T 4 (b—2p)(&p —a) = (zp —a)(b— &)
6o T G- 6)0-a)

(€ —a)(§—&), (4.28)

with the understanding that =, = x,()) is explicitly time-dependent. The trans-
formation obeys the following criteria: (i) ¢ and A label the same time slices; (ii)
(A, &) = x,(N), with &, = constant and a < §, < b; (iil) (), a) = a and x(\,b) = .
We further require (iv) that the transformation is invertible on [a, b]. This will only
hold provided the point

&+ a) (& —xp(N) + (2p(N) —a)(b— &)
gcrmcal (fp — l’p(/\ ) (429)

lies outside of the interval [a,b]. This is not a restriction of our method per se, and
a coordinate transformation satisfying conditions (i) through (iv) may always be

found. We have chosen to work with this one only for its simplicity.

Differentiations of (4.28) yield

9z _ (€ —a)(b—&z,(N)

BN N (& — a)(b— &p) (4:30)
Oz (26 =& — a)(§ — 2p(N) + (2,(A) —a)(b - &)

5 = G- ab-&) e
0%z 2(8 — (M) (4.32)

0&? B (& —a)(b—=¢&) 7

and these expressions appear in later formulas.
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Under the coordinate transformation, the line-element (2.22) acquires a shift

vector,

ds? = —N?d)\* + L*(d¢ + B*dN)* 4 r*(d6? + sin? 0d¢?). (4.33)

Here N = fY/2 L = fY/20x/0¢, with f understood as f(r(x(), €))). The shift vector

18

€ _ 8:c/8)\: (g_axb_g)x;()\)
5 (933/65 (25 - fp — a)(é‘p — xp()\)) + ($p<A) _ a)(b — §p)’ (4.34)

and we will also need
ops (AL + BE + C)xp(N) S

0 [(26 =& — a)(& — 1,(N) + (3,(N) — a) (b— &)]°

where A = 2(z,(A) = &), B =2(ab+ &} — (a + b)z,p(N)), and C = (a® + b?)z,(N) —
a(b—&)* — b(a* 4 &). The velocity variable v = L3*/N = dxz/OX obeys

v(Aa) =0, V(N &) = 2, (N), v(A,b) = 0. (4.36)

Since |z,,(A)| < 1, we have [v(), )| < 1 uniformly in £, assuming appropriately chosen
&, a, and b. The vector field 9/0\ is not the Killing direction, and it does not point
orthogonal to the constant—\ slices. To relate the 9/9\ direction to the unit-normal?
u of the slicing, first consider g\y = —N2+L?(%)? = —N?(1—v?) = —(N/v)?, where

v = (1 —v?)~Y/2 is the relativistic factor. Therefore, the vector field
u=yN"10/0\ (4.37)

is normalized, and one of its integral curves is the particle history. From standard

formulas

N7YHO/ON — B0/0¢) =y tu —vL ™10 /0¢, (4.38)

2Here we use coordinate—free abstract notation for the vector fields u, @, and n.
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so that 4 = yu + vyn. Here g(n,n) = L ?gee = 1, whence n = L7'0/0¢ is a
normalized spacelike vector field. These formulas show that the spacetime dependent
parameter v determines a local boost in the tangent space of each spacetime point
in the coordinate domain. At { = &, this boost relates the slice normal u to the

particle direction.

4.2.6 Wave Equation as a First—Order System

Retaining the same letter W to denote the wave field W(A, r(z()\,€))) in the new co-
ordinates, we introduce the variable ® which is almost 0: V. Away from the particle’s
location ® = J¢V is the gradient, and at &, we remove the d-—singularity implied by
the inhomogeneous source term. Notice that 0,V = f0,¥ in the old system corre-
sponds to (9z/0¢) '® in the new system. The following first-order system in the

(A, &) coordinates corresponds to the original second—order wave equation (4.1):

OV = o — 11 (4.39a)
ONIT = B*OIT — (0w /€)™ 0c[(0w/0€) ™' @] + V()W + J16(€ — &) (4.39b)

NP = 0:(B°P) — OcI1 + Jo0(€ — &), (4.39¢)
where Eq. (4.39a) defines the variable II. The A-dependent functions
5= 5[] + G/oe) 2 [0]. b= gl + [0 (a0
implement the jump conditions collected in Section 4.2.4, where in terms of (4.26)

[]] = ~[ow]),  [[®]] = (0=/0¢)[[0,]). (4.41)
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The jumps (4.40) can be recovered by integrating (4.39) against a test function over
the region (&, — ¢, {, + €), performing an integration by parts, and taking the e — 0
limit. Smooth terms vanish in the limit. Thus, the system (4.39), with this choice of
J1 and Ja, is the first order form of (4.1) provided certain distributional constraints

hold as per the discussion in Sec. 3.2.

Distributional Constraints

The first order reduction (4.39) of the RWZ equations (4.1) involve two new auxiliary
fields II and ® and functions J; and J;. Notice J; and J; have been recovered under
the assumption 9\® and 9,II vanished in the limit € — 0*. Hence, in our approach,
from ® and II we have removed delta function terms arising from the distributional

inhomogeneity®.

To make this point clear, consider the case of circular orbits for which 3¢ = 0,
(0x/0€) = 1, A = t and € = z. Define & = 9,V to hold for distributions, then
d=3— [V]]6(x — x,) is the 6—free piece (Eq. (B.4) gives an explicit construction).
As 0, is tangential to particle motion, I = —9,V is already d—free and the evolution

equations are

0,® = —0,11, (4.42a)

0@ = —0,11 — [[0,V]]6(x — z,), (4.42b)

where we have used 0; [[\Ifﬂ = [[@\Pﬂ for circular orbits. Working with & leads to

3Because 0y is tangential to the particle’s path, 0, will not create any J-singularity at the
particle’s location. Hence, when considering terms like 9,® we only need to look for a Dirac delta
lurking in ®.
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our system (4.39) and the distributional constraint
=0,V — [[¥]]6(x — ), (4.43)
while a preference for ® results in system (5.29) and the distributional constraint
d=0,V. (4.44)

In practice the constraint (4.43) is neither enforced nor checked (and for eccentric
orbits it is not even constructed) at &,. Away from &,, including points infinitesimally

close, we check ® = 0, ¥ and convergence to an exact solution.

4.3 A DG Scheme for RWZ with Distributional

Forcing

Our spatial discretization follows the approach and notation of Sec. 3.3, and our
intention here is to apply those techniques to (4.39). Special attention is paid to the
treatment of the distributional source term. In what follows, we use the shorthands

ze = Ox/O¢ and wge = 0% /OE2.

4.3.1 Discretization of (4.39)

The computational domain €, is the closed {-interval [a,b]. We cover €, with
K > 1 non-overlapping intervals D¥. We further assume that the particle location

¢, = b = a*»*1 lies at the endpoint shared by D* and D**!, with 1 <k, < K. On
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each interval D*, we approximate each component of the system vector (¥, II, ®) by
a local Lagrange interpolating polynomial belonging to D* and interpolating at the

LGL nodal points.

On each interval D¥ and for each solution component, we define local residuals,

(Ry)h = 035, — (5°@); + I (4.45a)
(Ru)y = OAIIy — Oc(BID)j; + (119 ) + O (x2®); + (2 wee @)y — (VW) (4.45b)

(Ra)j, = Oz®j — De(B°®@)}; + OcIy, (4.45¢)

measuring the extent to which our approximations satisfy the original system of
PDE. We define these residuals on open intervals (a*,0*) C D*, but have assumed
that the particle location &, = b* = a*»*! lies at an endpoint. Therefore, in the
residuals (4.45) we have not yet included the é—function contributions appearing in

(4.39).

Galerkin conditions arise from the inner products between each residual (4.45)
and all E;?(S). Integrating once by parts, introducing the numerical fluxes, and re-
calling definitions of the mass and stiffness matrix (3.32) results in a nodal form of

the semi—discrete equations

WUy — (B°®)F +TI) =0 (4.46a)
ONTIS + (D) (BT} — (D4 (2 @)} + (2 Pwec®) — (V)]

= (MFT (BT — (0 ) (@h)) £4€)] [, (4.46b)

ONB) + (D57 (B5@)} — (Dh)TTIE = (M%) 7' (B €)(@h) — (1)7) £(9)] L

(4.46¢)
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The weak (single integration by parts) dG form features the transpose of the operator
D%, = M*D*(M*) ™, (4.47)

instead of the spectral collocation derivative matrix D*. Using the relationship
(DM = (S)T(M*)~! we conclude (D%,)T = (M*)=*(S*)T. All adjacent vectors in
these expressions, e. g. (3°®)F, (V¥)%, and (335_33355(1))2, should be interpreted as a

single vector obtained via component—-by-component products.

4.3.2 Numerical Flux

To define the vector (fi, fo)? of physical fluxes, we write (4.39b,c) as

11 Ju
O\ + O = lower order terms. (4.48)

® fo

This equation determines the physical and numerical fluxes as follows:

fo ) -8 a2 (@ | _ [ -5 | [ gy
fa 1 =p ® (f8)" 1 —p (®7)"
(4.49)

The combinations of (ITF)* and (®5)* which appear in (4.46b,c) are precisely —(f)*
and —(fk)*, as must be the case since these terms have arisen through integration
by parts. In this subsection we construct the required boundary expressions for
(ff)* and (f%)*. Our numerical flux must be robust, ensure stability, and be capable
of handling the analytic discontinuities at the particle location. Numerical experi-
ments suggest that inclusion of a Dirac delta function renders inadequate otherwise

suitable numerical fluxes, such as the central and Lax—Friedrichs fluxes [121]. How-
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ever, as we will see, a suitably modified upwind numerical flux successfully handles
the delta functions in the system (4.39), recovering optimal convergence. We begin
by constructing the standard upwind flux corresponding to no particle, and then

incorporate the particle’s effect into the flux through the addition of an extra term.

An upwind numerical flux passes information across an interface in the direction
of propagation. To construct the upwind numerical fluxes, we first diagonalize the

matrix appearing in (4.49) as follows:

-3¢ a:g2 T — B¢ + ZEgl 0 1 %—1

1 —p 0 — ¢ — xgl 1 —:cgl
(4.50)
Application of T~ on the system vector (IT,®)T of fundamental fields yields the
system vector (IT + ®/x¢, IT — ®/x¢)” of characteristic fields. For our problem, the
first characteristic field 1T+ ®/z¢ propagates rightward with speed — 3¢ —i—xgl relative
to the 0/0\ time axis, while the second characteristic field II — ®/z¢ propagates

leftward with speed —/3¢ — xgl. Respectively, the upwind fluxes at a left endpoint
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a® (k # k,+ 1) and at a right endpoint b* (k # k,) then take the following forms:

kyx 0 0 I
(fl'[) _ T T_1 h +
(fa)* 0 —f —ag! i
left (4.51a)
-1 +
- 3+t 0 S
0 0 df
kO * 0 O H+
( H) _ T T_1 h +
) 0 —p—a @5
g (4.51b)
—1 —
0 0 d,

Egs. (4.51a,b) formalize the intuitive concept behind the upwind numerical flux. In
these equations triple—product matrices operate on the interior and exterior solution.
The first matrix operation transforms the fields to characteristic fields, the second
projects out one of the characteristic fields, and the third transforms back to the
fundamental fields. As a result, information from a right—moving field, say, influences
the subdomain to the right, but not the subdomain to the left. One can show the
effect of the upwind choice is to penalize (i.e. add a negative contribution to) the

semi—discrete energy statement, thus ensuring semi—discrete stability for the method.

To achieve succinct expressions for the upwind flux which hold at both left and

right endpoints, recall our definitions (3.30) for the numerical average and jump
1
{{e}} = §(q’+ +o7), (@], =nT®"+n o, (4.52)

where the jump is defined with respect to a local outward—pointing normal n of a

subdomain. These definitions yield the following concise formulas (valid at left or
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right endpoints):

(7 = ({4 ag?® ) + 5 [og T — o ], (4530)

(f8)" = {{Il, — 5°®s}} + %[[xgl% — xefCIL]] - (4.53b)

At all interior endpoints (a* for k # 1,k, + 1, and b* for k # k,, K) we will use
this numerical flux which is determined by the local numerical solutions. We also
use this upwind form at a physical boundary (that is, a' or '), but in this case a

boundary condition supplies the exterior solution.

Turning now to the endpoints a*»* = b*¥» corresponding to the particle location,
we modify the standard upwind flux (4.53) following the generalized discontinuous
Galerkin method for scalar equations outlined in [38], which we now extend to
the system (4.39). Consider a Dirac delta function located at the interface between
elements D*» and D**! and the weak form of the resulting system (4.39). The

relevant new terms to consider have the form

/d§J1,25<f—5p>6§P<5>, / dET120(€ — &) €).  (4.54)
DFp DFp+1

Upon evaluation, each of these terms appears similar in form to a boundary flux. The
discontinuous Galerkin method method provides a self-consistent way to evaluate
these integrals and then add the results to the numerical flux. We only require
the usual selection property of the delta function when integrated over the union
D¥ U D¥*1 and we are free to choose how the individual integrals over D¥» and
Df*1 contribute to the total integral. In fact, the dynamics of (4.39) suggest a
preferred distributional splitting. To see why, consider the scalar advection equation
(Ox + v0)V = J(E,N)0( — &), with v > 0. Since this equation corresponds to

rightward propagation, the natural choice for the associated distributional splitting
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(VW)*=yP~
N
——- B
K +
LIJN LPOK 1
u = u
aK bK aK+1 bK+1
[ | [~ p—

(VW)*=vpX 2y K

Figure 4.1: NUMERICAL FLUX FOR AN ADVECTION EQUATION AWAY FROM J-SINGULARITY. At
an interface between D* and D¥*! an upwind numerical flux passes information from left to right.

of the delta function term is

| derse—gper@ =0 [ derse= o) = 160, (455

For this case, notice that the delta function only “sees” a single Lagrange polynomial,
namely flgp Jrl(f) on the rightward interval. Figures 4.1 and 4.2 show the upwind

numerical flux for the advection equation with and without a Dirac delta.

To enact an upwind splitting of the delta functions appearing the system (4.39),
we simply use the matrix 7! already defined in (4.50) to isolate the two propagating

characteristic modes of the system. Consistent with propagation of these modes, at
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(VW)*=vr

. _ _
l.IJk LIJ k+1
N — 0
m m 6J ()\) > = m
k k —> k+1 k+1
a b a b
Ll L l

(VLIJ)*:VLIJ"N+J()\)

Figure 4.2: NUMERICAL FLUX FOR AN ADVECTION EQUATION AT §—SINGULARITY. At the inter-
face we continue to use an upwind numerical flux (cf. Fig. 4.1), while only the D**! subdomain
“sees” the Dirac delta.

the particle location we modify the fluxes given in Egs. (4.51a,b),

( kp+1)* ( /ch+1)>k 10 7y
z . = z . 4T 7! (4.56a)

(fo )" , (fo" )" 00 J

left, modified left
k k

D) * D\ * 0 0 J
(z> = <z> 4T | 7| (456D

D) * D) * 0 —1 J

( ® ) right, modified ( ¢ ) right 2

The correctness of this prescription can be see as follows. Integration of the system
(4.39) over the union D* U D**! followed by a subsequent integration by parts on
each interval generates the following boundary terms at the particle location (and

on the right-hand side of the equal sign):

fn _ [ ) (4.57)

Jo fo Jo

(Aa*Pth) (A 0FP)

The two physical fluxes in this equation of course cancel each other out, leaving only
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the vector (Ji,Jo)?. Our modifications (4.56a,b) of the numerical flux are tailored
to mimic this result. While the difference of the left/right numerical fluxes at the
particle location will not, in general, cancel each other out (due to numerical error),
notice that by subtracting (4.56b) from (4.56a) we generate precisely the vector
(J1, Jo)T. This argument can be made more rigorous through an analysis based on
integrating the two local numerical solutions on D*» and D***! against the Lagrange
polynomials Ef\’,’ (¢) and (771 (€). Finally, using the general expressions (4.53a,b), we
may likewise succinctly express the modified numerical flux at the particle location

as

(fh)" ) 1
(f5)* (fEy ) 2 0 —l-n Js

modified

where either k = k, or k = k, + 1 in this equation.

4.4 Treatment of the Initial Boundary Value Prob-

lem

The issues of initial data and boundary conditions are not part of the dG method
per se, but we must, nevertheless, specify both to complete our numerical scheme.
This section also discusses a simple waveform extraction technique to approximate

future null infinity.
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4.4.1 Initial Data with Source Smoothing

We adopt trivial (zero) initial data, and avoid the issue of an impulsively started
problem by smoothly “switching on” the source terms. Precisely, the source terms
are switched on smoothly via the following prescription:

Herf(Vo(t —to — 7/2) + UEy(t,r)  fortg <t <to+r

Fo(t,7) — (4.59)

Fon(t, ) for t >ty + 7,

and the same for Gy, (t,r). Typically, the initial time ¢y = 0, and the timescale T is
much shorter than the final time of the run. Choosing suitable 7 and 9, one achieves
smooth and consistent start-up to machine precision. Note that this prescription

does initially affect the form of 9y Fy,,(t,r).

The importance of switching on the source terms is crucial. All of the next chapter
is devoted to issues stemming from an impulsively started problem, which appears
to be especially problematic for spectral methods [132, 90]. Delaying the discussion
until then, here we simply assume these issues have been correctly addressed by

temporal source smoothing.

4.4.2 Boundary Conditions

At the boundaries we impose outgoing radiation boundary conditions. Both poten-
tials (2.38,2.45) behave differently in the £ — —oo and £ — oo limits, whence we

treat the cases £ = a and £ = b differently. Since

1—2Mr~t = 2Mr " exp(—r/(2M)) exp(x/(2M)) (4.60)
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in the z — —oo, r — 2M™ limit both potentials are exponentially small. Therefore,
with a being sufficiently negative, |VFW:2(r)| is zero to machine precision when r
corresponds to £ o~ a, and as an excellent approximation we may use the Sommerfeld

boundary condition

(O — 0, ¥)(A\,a) =0 = II(\, a) + ©(N, a)/xe(N, a) = 0. (4.61)

In the z,7 — oo limit, both the Zerilli and Regge-Wheeler potentials (2.38,2.45)
behave like VW2 = ¢(¢ 4+ 1)r=2 + O(r=3). Therefore, were we to adopt a naive
Sommerfeld condition at & = b, the slow fall-off of the potential would corrupt the
benefits of our high—order accurate method. Instead, we implement the radiation

boundary condition described in [143],

—II(\,b) + ®(\, ) /xe(N, b) =

f(r) //\ Q?W’Z()\ — N, ) U (N, b)dN, (4.62)

where r, = r(z(\,b)) = r(b) and Q™” is a time-domain boundary kernel. As
indicated, this kernel is different for the Regge-Wheeler (here spin-2) and Zerilli

cases, although we suppress this dependence wherever possible.

We approximate the time-domain boundary kernel €2, ~ =, as a sum of expo-

nentials

d
t Tb = Z E t Tb Hg k(t T ) —’Yek(rb/(QM)) exp (tﬁg}k(Tb/(?M))) .

2M 2M
(4.63)

The parameters v, (1/(2M)) and Sy 5 (rp/(2M)) determine the approximation kernel
=¢(t, ), and they depend on the Regge-Wheeler or Zerilli case, the orbital index ¢,
and the dimensionless boundary radius r,/(2M). The approximation =, is designed

so that its Laplace transform agrees with the transform of €2, to relative supremum
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k Ref5Yy (500) ImB5Y (500) k Ref ;,(500) ImpB% , (500)

1 —1.25849067540E—02 0 1 —1.25789030971E—02 0

2 —8.23918644025E—03 0 2 —8.23529461921E—03 0

3 —5.49064917188E—03 0 3 —5.48806353366E—03 0

4 —3.62410271081E—03 0 4 —3.62239165593E—03 0

5 —2.32805739548E—03 0 5 —2.32695433490E—03 0

6 —1.42584745587E—03 0 6 —1.42517041551E—03 0

7 —8.04688157035E—04 0 7 —8.04304980721E—04 0

8 —3.83719341654E—04 0 8 —3.83535015275E—04 0

9 —2.99532499571E—03 1.73407822255E—03 9 —2.99383340672E—03 1.73321233868E—03
k Rer RV (500) Im~EW (500) k ReyZ , (500) ImvZ, (500)

1 —8.36957985819E—09 0 1 —8.35513276685E—09 0

2 —2.95922379193E—07 0 2 —2.95425498144E—07 0

3 —2.97720676842E—06 0 3 —2.97239482588E—06 0

4 —8.13540247121E—06 0 4 —8.12342297064E—06 0

5 —1.40566197350E—06 0 5 —1.40379108037E—06 0

6 —5.02202428400E—08 0 6 —5.01539234399E—08 0

7 —1.01094068265E—09 0 7 —1.00959570760E—09 0

8 —7.70486047714E—12 0 8 —7.69439666825E—12 0

9 —2.99056309897E—03 1.73610608573E—03 9 —2.98758843820E—03 1.73437449497E—03

Table 4.1: Compressed kernels for £ = 2, r,/(2M) = 500, ¢ = 1071, There are d = 10 poles and
strengths, and complex conjugation of the ninth entries gives the tenth entries. Zeros correspond
to outputs from the compression algorithm which are less than 1073° in absolute value.

error € along the axis of imaginary Laplace frequency, and the the parameters v, and
Ber are the outputs from the Alpert-Greengard-Hagstrom compression algorithm
[10, 143]. Theoretically, € is a long-time bound on the relative convolution error in
the time domain, and it measures the accuracy of the boundary condition. Table 4.1

collects the ¢ = 2 kernels for r, = 1000M and £ = 107'°. We evolve the constituent

pieces of the approximate convolution via temporal integration of the ODE

A
[ 2= X u X =
5 0 (4.64)
a7 | Sewh = N, W D)AN + Zer(0,7)U(A, b),

0

carrying out the integration along side, and coupled with, the numerical evolution
of the system (4.39). With this boundary condition, we are free to choose essentially
any boundary £ = b, so long as it lies to the right of the source. Our outer radiation
boundary condition is especially useful when studying eccentric orbits, for which one

must average quantities over many periods.
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4.4.3 Waveform Extraction

Practically one must devise a way to extract the waveforms at future null infinity from
the finite computation domain. Formally the luminosity Eqs. (2.58, 2.59) hold there,
and to a good approximation these are the waveforms gravitational wave detectors
measure. This problem has been solved for waves on flat spacetime by Abrahams
and Evans [2, 3]. For ¢ = 2 the procedure is as follows. We record a master
scalar WU at the outer boundary x = b as a time series, and then integrate W(¢,b) ~
Ft—=0)+3f(t—b)b~ " +3f(t—b)b? as if it were exact, thereby recovering the profile
f(t) and its derivatives. We perform a similar extraction on II. The Abrahams-Evans
procedure is not exact for the perturbation equations we consider. Nevertheless, upon
substitution of the approximate expansion f(t — z) 4+ 3f(t — z)az~! + 3f(t — )z 2
into one of the (homogeneous) master equations (4.1), we find a residual which is

O(r—*log(3r/M)).

4.5 Numerical Experiments

Before applying our method to physical problems we perform a series of diagnostic
tests to confirm the expected theoretical properties of the scheme. We are interested
in demonstrating the global spectral convergence of the scheme (especially at the
analytic discontinuity), 4th order convergence of the classic Runge-Kutta integrator,
and the long-time accuracy of our radiation boundary conditions. We conclude the
section by applying our method to circular and eccentric orbits and compare our

results to existing results from the literature.
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Figure 4.3: U—COMPONENT OF THE SOLUTION. The II and ® components are qualitatively

similar.
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4.5.1 Forced Wave Equation with Exact Initial Data

For a fixed velocity v obeying |v| < 1, we consider the model

—O}V + 92V = costd(x — vt) +icostd (z — vt). (4.65)

Appendix C shows that

U(t,z) = —5sind + 5iv°*[v + sgn(z — vt)] cosd, ¥ =~*(t —av — |z — vt|) (4.66)

is an exact particular solution to (4.65) and we will check the convergence of our
numerically generated solution against these exact solutions. Here v = (1 — v?)~1/2
is the usual relativistic factor. After expressing (4.65) as a first order system and
adopting our dG scheme, we obtain the same equations as in (4.46), except now
with a zero potential vector V. Our domain is comprised of two subdomains: D! to
the left of the particle location x,(t) = vt, and D? to the right of z,(t). At x,(t),
the interface between D! and D?, we use Eq. (4.58) for the numerical fluxes (f%)*

and (f¥)*. At the physical boundary points we choose fluxes which enforce simple

Sommerfeld boundary conditions,

TI(\,a) + ®(\,a)/ze(Na) =0,  TI(A,b) — ®(X, b)/ze(\,b) = 0, (4.67)

Working with the global domain [a,b] = [=5, 5], we choose v = 0.4 and the final
time tp = 3.0. For these choices the critical { value (4.29) always lies outside of
the global domain, although clearly the example becomes pathological for a final
time tp near 12.5 (when the particle crosses the outer boundary). Fig. 4.3 shows
the ¥ component of the solution vector, and the ® and II components also feature

moving discontinuities. Fig. 4.4 documents the accuracy after several evolutions,
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Figure 4.4: TEMPORAL CONVERGENCE OF THE LINEARLY MOVING PARTICLE EXPERIMENT. Er-
rors have been computed relative to a uniformly spaced x—grid and over all fields. The dotted line
is a least—squares fit of the data points (the round circles).
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Figure 4.5: SPECTRAL CONVERGENCE OF THE LINEARLY MOVING PARTICLE EXPERIMENT.
Again, errors have been computed relative to a uniformly spaced x—grid and over all fields.

each with N = 26 points, performed with decreasing temporal resolution in order
to exhibit the fourth—order accuracy of the temporal Runge-Kutta integration. To
compute errors, we have used the polynomial representations of the two local so-
lutions, each computed with respect to the coordinates (), §), to interpolate onto
a uniformly spaced z—grid with 256 points where L, errors have been calculated.
Fig. 4.5 demonstrates the spectral convergence of our method for this problem, in
particular at the particle’s location. Here N is the number of points on each of the

two subdomains, and for each N we have chosen a At to ensure stability.
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Figure 4.6: EFFECT OF RADIATION BOUNDARY CONDITIONS ON THE SOLUTION W. The experi-
ment described in the text produces a solution ¥ whose magnitude is of order 1, thus the boundary
effects are seen to result in very small relative errors.

4.5.2 Longtime Accuracy of Radiation Boundary Conditions

This experiment involves the ¢ = 2, m = 2 polar problem and a circular orbit with
p = 7.9456, M = 1, and m, = 1. We choose trivial initial data at t, = 0, with a
smoother defined by 7 = 10 and 6 = 10. Integrating to final time tr = 90, we first
generate an accurate reference solution W,es on the domain [—100, 100], using 65+55
subdomains (65 to the left of the particle and 55 to the right) with N = 37 nodal
points on each. Here and below, we choose the time step At to ensure stability.
At both endpoints z = £100 we place Sommerfeld boundary conditions on W, as

physically no radiation reaches the endpoints by the final time.

The experiment is to generate a second numerical solution W on the shorter
domain [—50, b], where b = 30 + 2log(15 — 1) ~ 35.2. We again evolve to final time
tr = 90, now with the convolution radiation boundary condition (4.62) placed at the

outer endpoint = b. The relevant Zerilli kernel is defined in Table II of Ref. [1413].
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This kernel corresponds to r;,/(2M) = 15 and the tolerance e = 107!, At the inner
endpoint x = —50 we again adopt a Sommerfeld boundary condition. For 30+15
subdomains with 33 points on each, the corresponding W is then compared against
the reference solution W, in the L, norm. After interpolation onto a uniformly
spaced grid with 853 points, we have found that ||U — W || >~ 8.2314 x 10712
Fig. 4.6 displays a wavelike reflection off of the left boundary, which can be made
arbitrarily small by extending the boundary further to the left, and numerical errors

on the right.

4.5.3 Circular Orbits: Waveforms and Luminosities

This subsection compares our numerical results for circular orbits to those obtained
by other authors. For brevity we restrict ourselves to ¢ = 2, but note that our
method maintains its performance for higher ¢. For our simulations, we have chosen*
M =1 =my, with {nax = Tmax = 1000 4+ 210g(500 — 1) ~ 1012 and &pin = Tmin =
—200 as the outer and inner boundaries. We have used 454200 subdomains, each
with N = 21 points, and a smoother defined by 7 = 1000 and 6 = 0.0002. For
these choices, we have integrated to tr = 2500 with time step At = 0.005. With
these parameters we compute waveforms with a relative error of better than 1075,
Radiation boundary conditions (4.62) have been enforced through Table 4.1. Other
parameters or non—uniformly placed subdomains may prove advantageous, but we

have not explored all possibilities.

We first describe what we have measured. The luminosities of gravitational

energy and angular momentum across an arbitrarily large spherical surface are de-

By dividing Eq. (4.1) by m,, we can solve for the per-particle-mass perturbation ¥/m,, (from
the coding standpoint, this is equivalent to setting m, = 1). Physical waveforms and other quan-
tities can then be recovered via multiplication by appropriate powers of m,,.



Energy luminosity (Eap, + E2 —m)/m?

P

dG, read off dG, extract FE FR FD
8.17530620 x 10~ 7 | 8.1633 x 10~7 | 8.1662 x 10~ 7 | 8.1633 x 10~ | 8.1623 x 10~ 7
1.70685914 x 10~% | 1.7062 x 10~% | 1.7064 x 10~* | 1.7063 x 10~* | 1.7051 x 10~*
Angular momentum luminosity (Lay, + La,—m)/ mg
dG, read off dG, extract FE FR FD
1.83102416 x 107° | 1.8283 x 107 ° | 1.8289 x 107 ° | 1.8283 x 10~° [ 1.8270 x 10~ °
3.82285415 x 1072 | 3.8215 x 102 | 3.8219 x 102 | 3.8215 x 1073 | 3.8164 x 1073
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Table 4.2: ¢ = 2 LUMINOSITIES FOR A CIRCULAR ORBIT WITH (p,e) = (7.9456,0).

termined from the master functions W§PM(u + 2, 7) and V% (u + x,r). We view the
retarded time u =t — x as fixed, but with r, x arbitrarily large. Note that = ~ r, as
r — o0. In the r — oo limit we have the energy and angular momentum luminosities
across an infinite-radius spherical surface given by Eqgs. (2.58, 2.59). The individual
multipole contributions (Egm and Lgm) to the total energy and angular momentum
luminosities decay exponentially with ¢ [157, 178, 78]. A few simplifications concern-
ing Eyp and Ly, are worth noting. First, due to the fact that the particle moves
in the equatorial plane, the following conditions hold: ¢ 4+ m even = WM =
and £ +m odd = WM = (0. To establish these conditions, note, for example,

that when £ +m is even the axial source terms FSTM

and GEPM are identically zero.
Second, from the behavior of the master functions under the mapping m — —m, we

have E&m = E&_m and Lg,m = L&_m [137]

We will either simply “read off” waveforms at r,,, = 1000 or use the extraction
technique. Table 4.2 compares our dG, circular-orbit, and ¢ = 2 energy and angular
momentum luminosities to results obtained by other numerical methods described in
the literature. Such a comparison is not straightforward as the finite-clement (FE)
results of Sopuerta and Laguna [204] involved reading off the master functions at
x = 2000, while the finite-difference (FD) results of Martel [157] involved read—off

at © = 1500 (here we always assume M = 1). The frequency—domain (FR) results of
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Total £ = 2 energy luminosity m,, an:_2<E2m> ‘
Orbit parameters dG, read off dG, extract FR
e = 0.18891539, p = 7.50477840 | 2.59367 x 10~ | 2.59296 x 10~% | 2.59296 x 10~*

e = 0.76412402, p = 8.75456059 | 1.57146 x 10~* | 1.57120 x 10~* | 1.57131 x 104

Total £ = 2 angular momentum luminosity m,, 2 an:_2<['/2m)
Orbit parameters dG, read off dG, extract FR

e = 0.18891539, p = 7.50477840 | 4.91165 x 103 | 4.91018 x 103 | 4.91016 x 10~3
e = 0.76412402, p = 8.75456059 | 2.09297 x 10=3 | 2.09220 x 1073 | 2.09221 x 103

Table 4.3: TOTAL ¢ = 2 LUMINOSITIES FOR ECCENTRIC ORBITS.

Poisson, as reported in [157], for the wave forms at infinity rely on the appropriate
boundary value problems in the frequency domain, and of the three should afford

the most direct comparisons.

4.5.4 Eccentric Orbits: Waveforms and Luminosities

This subsection compares our numerical results for eccentric orbits to the frequency
(FR) domain results of Tanaka et al [201] (rather than Poisson’s frequency domain
results). We again choose 45+200 subdomains, each with N = 21 points, and
At ~ 0.01. Due to the incommensurate radial 7, and azimuthal T}, periods, we
encounter the standard difficulty in obtaining measurements from eccentric—orbit
simulations. Ideally, we would average measured luminosities over an infinite time,
but will content ourselves with averaging over 4 radial cycles. Given a time series

A(t), we compute its corresponding average as

1 T
—_— dtA(t T, =T, =4T,. 4.68
o | wan. mem (1.69

{4)

Table 4.3 compares our total ¢ = 2 angular momentum and energy luminosities

to the frequency (FR) domain results of Ref. [201]. In that reference the authors
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Figure 4.7: ORBITAL PATHS. The left panel shows one orbital period for (e,p) =
(0.18891539, 7.50477840). The right panel shows two orbital periods for (e,p) =
(0.76412402,8.75456059). In each case the dark inner circle is the horizon. We have used the
(r, @) system to construct these polar plots.

claim a relative numerical error of better than 10~*, which we have confirmed. We
have retained enough significant digits in (e,p) to match the parameters (E,, L,)
chosen in that reference. While we achieve relative errors of better than 10~* for
our averaged and extracted luminosities, we achieve single precision accuracy for our

waveforms as a time series at x = b. Figure 4.7 exhibits the orbital paths for the two

cases considered in this subsection, and Fig. 4.8 shows the corresponding waveforms.
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Figure 4.8: WAVEFORMS FOR ¢ = 2, m = 2. The top panel shows the

(e,p) = (0.76412402,8.75456059) extracted waveform, and the bottom panel the (e,p) =
(0.18891539, 7.50477840) extracted waveform. Solid blue lines and dashed red lines respectively
correspond to real and imaginary parts.



CHAPTER FIVE

Junk Solutions Seeded by Trivial

Initial Data
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5.1 Introduction

A common approach for computing EMRB waveforms is to numerically solve Eq. (4.1)
as a time-domain initial boundary value problem with prescribed initial data. This
was carried out in the previous chapter with a nodal dG method. In our discus-
sion of initial data we briefly alluded to unintended consequences which have been

appropriately handled. We now return to this issue with our full attention.

The exact initial data for generic point-particle trajectories is non-trivial, and the
most common choice is therefore to set both W and its time derivative to zero. (See
Refs. [158, 184, 54, 55] for the construction of more realistic data.) Inspection of (4.1)
shows that trivial data is inconsistent with the jump conditions stemming from the
delta function terms in the inhomogeneity. Thus, trivial data results in an impulsive
(i. e. discontinuous in time) start-up. This chapter addresses the main question of
if, and when, a physical solution eventually emerges from such trivial initial data.
Ideally, we would have both the correct source terms and initial conditions. Without
the exact initial data, we consider modifying the source terms according to the
procedure outlined in Sec. 4.4.1 such that they are consistent with the choice of

trivial initial data.

To appreciate some of the issues associated with the main question above, con-
sider a particle in a fixed circular orbit. The energy E* and angular momentum L™
luminosities for gravitational waves at future null infinity are then constant in time
and obey the relation £ = QL>, where ) is the angular orbital velocity of the par-
ticle. However, verification of this relationship is limited by a finite computational
domain, leading to an O(r~!) error (see Ref. [237] for a recent suggestion towards

overcoming this limitation). Therefore, numerical verification of E* = QL™ is a
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useful diagnostic only in the distant wave-zone. In the near-zone we might also test
“F = QL”, now constructing the luminosities with self-force quantities via Eq. 2.64;
however, because W is discontinuous at the particle location, self-force measurements
will involve large errors unless due care is taken. For generic quasi-periodic orbits,
selection of a meaningful set of diagnostics is not straightforward. In particular, we
can neither infer steady-state behavior throughout the computational domain, nor
can we claim to have a solution which solves the hypothetical “true” initial value
boundary problem. These difficulties are due to the inconsistent initial conditions.
That is, we are really solving a problem different from the physical one. As a partial
resolution of these issues, we examine a direct test condition which is necessary to
claim that a physically correct solution has been achieved everywhere in the com-
putational domain. This is a simple self-consistency condition relating ¥°*™ and
the Regge-Wheeler (RW) U™W master functions. Each master function describes the
same physical axial perturbations, and violations of this relationship are necessarily

due to numerical errors and/or incorrect initial conditions.

We will refer to errors seeded by the initial conditions as “junk”. One type of junk
either propagates off the computational domain or decays away. We collectively refer
to such junk radiation, junk quasi-normal ringing, and junk Price tails as dynamical
junk. The key observation of this chapter is that trivial initial conditions may also
give rise to a static distributional junk solution Wj., which we refer to as Jost
gunk. In terms of the “Schrodinger operator” H = —9% + V| a Jost solution satisfies
HVT = 205, with T ~ exp(ive) as ¢ — oo [83]. In this chapter, we are
exclusively interested in “zero-energy” Jost solutions for which » = 0, in which case
U ;050 does not behave exponentially at infinity (see below). Therefore, in what follows
a Jost function satisfies a “zero-energy”, time-independent, Schrodinger equation

(=02 + V)W = 0 to the left and right of the particle, and, as it turns out,
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is discontinuous at the particle location. We find that W, has a non-negligible
effect in the wave-zone, yet is often small enough to be buried into the O(r~!) error

associated with a waveform “read-off” in the far-field.

We will adopt trivial initial conditions throughout, but allow for temporally
smoothed source terms according to (4.59). Our chief goal is to study the properties
of the numerical solutions computed with and without smoothed source terms, es-
pecially in the context of the Jost solution. To carry out numerical simulations, we
have primarily used the nodal Legendre discontinuous Galerkin method described
in Chapter. 4. In addition, some of our results have independently verified with a
nodal Chebyshev method (similar to the one described in Refs. [56, 57]), which also
features multiple subdomains and upwinding'. Our nodal Chebyshev method treats
the jump discontinuities at the particle location in the same fashion as outlined in
Ref. [89] for the nodal dG method. Both our dG and Chebyshev methods solve a
first order system representing (4.39). Most of this chapter considers circular orbits,
for which A = t, ¢ = z, and the shift vector ¢ = 0. Thus, for circular orbits, our

system (4.39) becomes

825\1! == —H
Ol = —0,® + V(r)¥ + Jy0(z — x,) (5.1)

0;® = =011 + Jro(x — ),

where the time-dependent jump factors are J; = [[0,V]] and J, = —[[0;¥]]. Also, in

the case of circular orbits, the variables II and ® are —0,¥ and 0, V, respectively.

This Chapter is organized as follows. Section 5.2 focuses on the Jost solution,

from both empirical and analytical standpoints. Here we present analytic formulas

!Comments towards the generality of our observations will be addressed, but in general the
central issue is how the J-singularity is handled and not the underlying numerical scheme.
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Figure 5.1: DEPENDENCE OF C' ON SMOOTHING PARAMETERS. We have empirically determined
that |Cp| = % = |Cg]| for an impulsive start-up, corresponding to C' =1 at the leftmost point. The
parameter ¢ is different for each 7; 6 = 2 for 7 = 10 and 6 = 0.0058 for 7 = 150.

for Jost solutions and compare them with numerical results. Section 5.3 considers
several practical consequences of impulsive start-up for EMRB modeling with circu-
lar orbits: violation of the axial consistency condition, contamination of waveform
luminosities, and influence on self-force measurements. This section also gives a pre-
liminary report on consequences for eccentric orbits. Universality of our results are

considered in Sec. 5.4, where we touch upon finite-difference methods and alternative

first order reductions. Longer calculations appear in Appendix D.

5.2 Jost Solution

To better explain the origin of the Jost junk solution, we first consider a toy model:
the ordinary 141 wave equation with distributional forcing. We then examine the
Jost solution for the master wave equations, with a forcing determined by a circular

orbit.
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a,b: Endpoint of computational domain |a, b].
St,Sk: Number of subdomains to left and right of particle.
N: Number of points on each subdomain.

7,0: Smoothing parameters introduced in Eq. (4.59).
At tp: Timestep and final time.
M =1: Schwarzschild mass parameter.
m, = 1: Particle mass.

Table 5.1: BASIC SET OF PARAMETERS FOR A NUMERICAL SIMULATION. This set is not complete,
but in what follows we often refer to these variables. For all simulations we continue to set M =
1 = myp, where the choice m, = 1 is equivalent to working with per-particle-mass perturbations
U/m,,.

5.2.1 Forced 1+1 Wave Equation

We return to the forced wave equation model (4.65), written as a first order system
(5.1) with V' = 0, for which an exact particular solution is known. For this model,
junk radiation propagates off the computational domain with speeds 1. However,
when numerically solving this equation subject to (incorrect) trivial initial conditions,
we observe that the numerical solution no longer converges to the particular solution.
For simulations involving (5.1), we have used the dG method with (cf. Table 5.1)
a = —100, b = 100, S;, = 10, Sg = 10, N = 27, and At = 0.01. To compute errors
relative to the exact solution, we have first interpolated onto a uniformly spaced
r—grid with 5121 points. Furthermore, to better model the circular orbit scenario

for EMRBSs, we have taken v = 0.

With the exact solution used to generate initial conditions at ¢ = 0, the nodal
dG method exhibits spectral convergence throughout the computational domain (see
Sec. 4.5.1). However, with trivial initial conditions, only the corresponding numerical
derivatives, Il umerical a0d Prumerical, cOnverge to the correct values, whereas W umerical

itself is off by a constant value on each subdomain. Let us write

\Dnumerical = (\IJL + CL) ®<_Z') + (\IIR + CR) @(l’), (52)
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where O(x) is the Heaviside function and the exact solution from (4.66) is

Uy, = —5sin(t + x) — ficos(t + x)

(5.3)

Up = —1isin(t —z) + sicos(t — z).

We introduce the time-independent 1+1 Jost junk solution
\DJOSt = CLG(—.Z') -+ C’R@(x), (54)

in order to express the numerical solution as W umerical = Yexact + ¥ jost -

We examine the dependence of C' = |Cp| + |Cg| on the smoothing parameters
(1,6), defined analogously to those in (4.59), but here introduced to smooth our toy
source term cos td(xz) +icostd’ (x). We restrict the parameter space by first choosing
7, and then finding the smallest § such that %[erf(\/g(t —to — 7/2) + 1] is less than
10716 when ¢ = 0 and greater than 1 —107!6 when ¢ = 7. These requirements ensure
that the start-up phase is smooth to machine precision, while providing the most
gradual rate at which the distributional source terms are turned-on. Figure 5.1 shows
that the troublesome constant term is arbitrarily well suppressed by the smoothing
procedure. However, we find that the value of C' remains fixed when varying the
timestep. The final run time for each data point in the plot is tz = 7 + 150. No
essential difference exists between the v = 0 and v # 0 cases, except that for the
latter case we must ensure that the particle does not get too close to the boundary.
Let Wemooth represent Woymerical Obtained with smoothing, and Wiypusive represent
W umerical Obtained without smoothing. Then we have shown Wg,ooth =~ Wexact, SO

that

\I]Jost = \Ilimpulsive - \Ilsmooth (55)

is another expression for the Jost solution, valid up to method error.
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Jost Junk as a Time—dependent Constraint Violating Solution

The Jost junk solution does not instantaneously appear during our scheme’s first
timestep 0 — At, nor can it be found in our (trivial) initial conditions. Instead, we
must wait a finite time for it to have completely developed, although it may seem
counterintuitive to speak of a developing static solution. To confront this paradox,
consider a natural time-dependent generalization of the static Jost junk solution
(5.4):

Ujost = CLO(—2)O(t + ) + CrO(2)O(t — z), (5.6)

which solves the second order wave equation

(=07 +05) Wiose = [[W30s]|O ()0 (2). (5.7)

Numerical evidence indicates (5.6) is the generate time-dependent Jost junk. At late
times, after which the advecting Heaviside propagates off the numerical grid, (5.6)
agrees with the time-independent Jost junk solution (5.4) from the previous section.

Observe that:

1. Uyt = 0 for ¢ < 0, and thus compatible with trivial initial data for .
2. Ueract + Wiost does not solve the 2nd order 141 wave equation (4.65) at x = 0.

3. At sufficiently late times 0;Wj0ss = 0 and 0, Vo5t = [[Wyost]]0 ().

Our second and third observations suggest ¥, may act to violate the distributional
constraint discussed in Sec. 4.2.6, although a complete understanding is still lacking.
For the remainder of the chapter we will continue to focus on time-independent Jost

junk and it’s consequence without identifying the generating mechanism.
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5.2.2 Master Wave Equations

The first numerical experiment in this subsection involves the axial sector with VEW

given by (2.45) and assumes CPM source terms (4.7). To empirically verify that
an impulsive start-up also leads to a Jost solution in this setting, we will form and
plot the expression (5.5). Later on, we will give analytic expressions for static Jost
solutions. Our smoothing parameters are 7 = 150 and 0 = 0.0058. We compute
the (¢,m) = (3,2) metric perturbations for a particle in circular orbit initially at
(r,¢) = (7.9456,0). Other parameters (cf. Table 5.1) are a ~ —202.16, b = 60 +
210g(29) ~ 66.73, S, = 30, S = 8, N = 26, At ~ 0.03, and tr = 600. Figure 5.2

CPM

impulsive and

shows the result. The plots suggest that the Jost junk solution affects ¥

its spatial derivatives.

For both axial and polar perturbations generated by circular orbits, we now
present the analytic form of the Jost solution, suppressing throughout the analy-
sis both orbital ¢ and azimuthal m indices. For circular orbits we have observed

empirically that the Jost junk solution can be written as

\Ij?}giszzl/polar _ CLvezxial/polar@(_x) + CRU;Xial/polar@ (.CL'), (58)
where Cf, and C'g are complex constants. The functions vz)jgl/ polar satisfy a Schrodinger

equation Hv = 0 defined by the operator
Haxial/polar _ _ai + VRW/Z’ (59)

where VEW is given in Eq. (2.45) and VZ is given in Eq. (2.38). The functions

axial/polar
v

satisfy the Schrodinger equation to the left of the particle, and the functions

vﬁxm/ Polar the equation to the right. The relevant solutions to Hv = 0 decay either
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Figure 5.2: DIFFERENCE BETWEEN SMOOTHLY AND IMPULSIVELY STARTED CPM FIELDS. Here
¢ =3, m =2, and the snapshot is taken at t = 600.
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as r — 2MT or r — oo.

We derive expressions for all four functions vi’f]igl/ POl i Appendix D, adopting

the dimensionless radius p = (2M)~!r as the basic variable. Here we record the set

of axial functions,

U%Xial(p) = pf€2F1(£ +j + 1,€ —J + 17 17 (/) - 1)/p) (510&)
vER(p) = p P (04 g+ 10— g+ 1;2(0+ 1) p7Y), (5.10D)

where for gravitational perturbations the spin 3 = 2. Evidently, up to transfor-
mations of the dependent and independent variables, the equation H*#y = 0 is
the hypergeometric equation. The equation HP'®y = ( involves an extra regular
singular point, and its normal form is a particular realization of the Heun equation.
Nevertheless, by exploiting certain intertwining relations between the polar and axial
master functions [12], we are likewise able to express UE?EM in terms of the classical

Gauss-hypergeometric function o F;. The Appendix D gives further details.

To complete our analytic expressions for the Jost solutions, we still must de-
termine Cp, and Cg. Recall our notation for a time-dependent jump for circular
orbits,

(U]} (t) = lm [O(t,r,+e€) — (L, —€)]. (5.11)

e—0t
For trivial data (that is ¥ = 0) the analytic jump (4.23)

F(t,ry)

[[\Danalyticﬂ (t) == fp

(5.12)

will in general not be satisfied at t = 0. We find empirically that the jump in Wy,

exactly cancels [[\I/analyticﬂ (0), while the jump in 9,¥jus is zero. The system of
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|(\IIJOSt - (\Ijimpulsive - lIjsmoo‘ch))/\IlJost|
10 \ \ \ \ \

| | | | | |
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Figure 5.3: COMPARISON BETWEEN ANALYTIC AND NUMERICAL JOST SOLUTIONS. CPM and
ZM modes respectively correspond to (¢,m) = (3,2) and (¢,m) = (3,1), (3,3).

equations used to determine our constants is therefore

£(0,1p)

VR(1p)Cr — vr(rp)CL = —
I (5.13)

/U;%(TP)CR - U/L(TP)CL =0,

which has a solution

CR:_F(O,rp)( " )p

/ /
I VRU}, — VLU
/
v
R
CL - CR (—/) .

Recall that Wj.e may be numerically approximated as Wi puisive— Ysmootn [cf. Eq. (5.5)].

(5.14)

Figure 5.3 depicts the relative error }(\If Jost — (Wimpuisive — Ysmootn) )/ ¥ Jost‘ for ¢ =3
perturbations, with Wj. given by (5.8). To generate this figure, we have used
nearly the same set-up as described for Fig. 5.2, but with the outer boundary

b =240 + 2log(119) and final time tr = 3100.
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5.2.3 Jost Solution and Radiation Boundary Conditions

We wish to examine the extent to which the right analytic Jost solutions vzxml/ polar

satisfy radiation boundary conditions adopted for our numerical simulations. Un-
fortunately, for blackhole perturbations the issue would seem difficult to address
analytically. Therefore, we consider the analogous issue for the flatspace radial wave

equation.

Consider a flatspace multipole solution r~ W (¢, 7)Y;, (0, ¢) to the ordinary 3+1
wave equation, and assume the multipole is initially of compact support in radius
r. Exact non-reflecting boundary conditions relative to a sufficiently large outer

boundary radius b then take the form [10]

oUW 1 o . ,
(E N W) ’T:b -2 ]Zl /%-/ exp (b ko, (E— ) T (E', b)dt. (5.15)

¢
0

Here {k;; : j = 1,...,¢} are the roots of the modified cylindrical Bessel function
Koy1/2(2), also known as MacDonald’s function. All k;; lie in the left-half plane.
Moreover, the scaled roots ky; /(¢4 1/2) accumulate on a fixed transcendental curve
as ¢ grows [10, 113], so the exponentials exp (b‘lk&jt) tend to decay more quickly in

time ¢ > 0 for larger /.

For the flatspace setting at hand, the Jost solution satisfies

v =0, (5.16)

vp(r) =r"", vp(r) =r~" (5.17)
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We therefore examine to what extent vg(r) satisfies (5.15). Straightforward calcula-

tion yields

(5)

L
1 .
+ﬁ E k[’j/ exXp (b lkg,j(t—t,))UR(b)dt/.
j=1

r=b

14
= —b""oR(b) Y exp (b ke t)
o (5.18)

t
0

The function vg(r) does not satisfy the non-reflecting condition (5.15); however,

the violation of (5.15) decays exponentially fast. For blackhole perturbations we

likewise expect that v?ial/ pOlar(p) violates our radiation boundary conditions only by

exponentially decaying terms, and have seen some evidence of this behavior in our

numerical simulations.

We have also observed persistent junk solutions when adopting the Sommerfeld
condition at the outer boundary b along with impulsive start-up. We differentiate
between two scenarios: the first involving a detector which is not in causal contact
with the outer boundary b during the simulation, and a second with the detector
located at b. For the first scenario, the static junk solution which develops and
persists around the detector is precisely Wj,. For the second, we also observe a
persistent junk solution, but one which is distorted from W;, in a boundary layer
near b. Such distortion presumably arises since W satisfies the outer Sommerfeld

condition only up to an O(r=~1) error term.
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5.3 Consequences of Impulsive Starting Conditions

5.3.1 Loss of Temporal Convergence

In this scenario we again consider the forced wave equation (4.65) with v = 0 and
trivial initial data W = II = & = 0. We will compute errors over all fields, after
interpolation onto a reference grid, and against the exact solution. Before computing
errors for the W variable when adopting trivial initial data we first subtract off the

analytic Jost junk solution (5.4).

Our first test involves the minimal two domain set up with smoother parameters
given by tg = 0, 7 = 3, and 0 = 10. For these choices, the source is switched on
(to machine precision) and is fully on by ¢ = 3. Resolution of the transition requires
relatively many points, and we have chosen N = 61 on each subdomain. For the
final time tr = 10, we demonstrate the anticipated 4th order temporal convergence
in the left panel of Fig. 5.4. We note that, as indicated in the figure, convergence
is abruptly lost without the smoother. However, even without the smoother, by
adopting multiple subdomains we also recover convergence to the exact solution (of
course assuming tr > 5, so that the initial incorrect profiles can fully propagate off
the domain). Indeed, the right panel of Fig. 5.4 documents the results for the same
problem, but now without smoothing and 20 subdomains, each with N = 7 points.
We explain this observation by noting that for N = 1 our dG method formally be-
comes a finite—volume method. Therefore, many low—order elements corresponds to
a more dissipative numerical flux, and the extra dissipation smooths the oscillations

stemming from our impulsively started problem.
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Figure 5.4: TEMPORAL CONVERGENCE WITH TRIVIAL INITIAL DATA. The left panel compares
the two—domain experiment run with and without the smoother, denoted by circles and crosses
respectively. The right panel corresponds to multiple subdomains and no smoother. As described
in the text, on each subdomain the Jost junk solution is subtracted off before computing errors.
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5.3.2 Inconsistent Modeling of the Axial Sector

Thus far we have studied axial perturbations by solving for W™ Axial perturba-

tions are equally well described by the Regge—Wheeler master function [157]
f
PRV — — 4 (5.19)

In fact both WCPM and WEW solve the generic wave equation (4.1) with potential
VEW  However, the wave equations for WP and WEW have different distributional

source terms [159, 89, 157]. As shown in [159], these master functions obey
\IIRW + %HCPM _ O7 r # T'p(t), (520)

and we refer to this formula as the axial consistency condition. For circular orbits this
condition becomes WEW — %(‘)t\IICPM =0, r # rp. We now numerically examine the
extent to which the axial consistency condition is violated when the master functions
PRW.CPM are obtained with and without smoothing.

For all experiments we again enforce Sommerfeld boundary conditions at the left
physical boundary, and radiation outer boundary conditions on the right boundary.
Now our smoothing parameters are ty = 0, 7 = 100, and 6 = 0.05. We compute
the (¢,m) = (2,1) metric perturbations for a particle in circular orbit initially at
(r,¢) = (7.9456,0). Other parameters (cf. Table 5.1) are a = —200, b = 30 +
2log(14) ~ 35.28, Sp, = 22, Sp = 3, N = 31, At = 0.01, and tr = 800. We first
plot [URW + ITIPM] at various times. The left panels in Fig. 5.5 show results with
smoothing. Although the consistency condition is initially violated, the expression
eventually relaxes to a small value once the dynamical junk has propagated off the

domain. The right panels in Fig. 5.5 show result without smoothing. Even at late
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Impulsive start-up

L]
ll.
l:'n
| R AT

~200 Z100

0.02

0.01;

0.02

0.01f

Figure 5.5: SNAPSHOTS OF |[U™W 4+ ITI°PM| wITH AND WITHOUT SMOOTHING. The left three
panels correspond to smooth start-up and the right three to impulsive start-up. The times at the
far left correspond to both sets of panels. ¥EW is of order 1072 near 7.
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YW  ITICPM at 2 = -200, smooth start-up
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Figure 5.6: TIME SERIES AT z = —200 FOR |U™W 4+ ITI°PM| wITH AND WITHOUT SMOOTHING.

UEW is of order 10~ at 2 = —200.

times violation in the axial consistency condition is now evident. The plots in Fig. 5.6
depict |[WEW 4 %HCPM] recorded as a time series at = —200. The plot for smooth
start-up indicates that quasinormal ringing and Price decay tails characterize the
late-stage dynamical junk, although this ringing is suppressed with more smoothing
(e. g. with 7 = 150, § = 0.0058). The plot for impulsive start-up suggests that a
static Jost junk solution WY o —WEW | persists indefinitely (as II°"™ should be

unaffected by a similar Jost solution in W<FM).

5.3.3 Contamination of Waveforms

For a given (¢, m) multipole either read off at a finite radius or measured at null infin-

ity through an approximate extraction, we can apply standard formulas to estimate
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the energy and angular momentum carried away by the gravitational waves. We
continue to work with the axial perturbations, with formulas featuring only CPM
and RW master functions. The energy and angular momentum luminosities are

computable from WM by Egs. (2.58, 2.59), or WFW [159, 204, 157] by

. 1 (¢+2) . im (0 + 2)! -
v o LD gz I ((2) m [ema (2

m T e (0 —2)1 m T 167 (00— 2)!

In the distant wave-zone we expect ESPM = ERW and LEPM = LRV However,
Sec. 5.3.2 has shown that impulsive start-up can result in violation of the axial con-
sistency condition (5.20), and such violation in turn results in discrepancies between
the above luminosity formulas. As seen in Sec. 5.2.2, whether simulations are based
on WEPM or WRW an impulsive start-up generates a Jost junk solution, even at long
distances from the source. Although dynamical junk is also present, its effect is

negligible in the wave-zone at late times.

Table 5.2 collects summed luminosities for (¢,m) = (2,+1) waveforms. The top
set of numbers are unaveraged and recorded at time tr = 2750, while the bottom
set have been averaged between ¢t = 2500 and ¢ = 2500 + 4Ty, where T}, = 27p®/2 ~
140.7246. Other parameters (cf. Table 5.1) are a ~ —190.34, b = 1000+ 2 log(499) ~
1012.43, S;, = 30, Sg = 150, N = 26, and At = 0.038. For smoothing we use 7 = 150
and ¢ = 0.0058. For circular orbits we expect <Qsm00th) = Qumooth, Where brackets

denote time averaging for a generic luminosity ). Relative errors are computed by

o ‘Qsmooth - Qimpulsive‘

Qerror — >
| Qsmooth ’

(5.22)

For the CPM luminosities computed with smoothing, time averaging has little ef-
fect. However, it does enhance the accuracy of the RW luminosities computed with

smoothing. Indeed, inspection of the bottom section of Table 5.2 shows that the
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’ Q ‘ Qsmooth ‘ Qimpulsive ‘ Qerror
ECPM 8.17530620 x 10~7 8.17530623 x 10~7 3.466 x 1079
ERW 8.17530652 x 107 8.18248752 x 107 8.783 x 1074

LCPM 1.83102415 x 107° +1i3.2 x 10~ | 1.82972897 x 107° —i1.2 x 1078 | 9.968 x 10~ ¢
LEW 1.83047467 x 107° —i2.1 x 1078 | 1.66825388 x 107° +1i8.1 x 107 | 9.969 x 102

(ECPMY 1 8.17530620 x 10~7 8.17530620 x 10~ 7 2.837 x 10710
(ERWY | 8.17530617 x 107 8.17531431 x 1077 9.966 x 10~7
(LCPMY | 1.83102416 x 1075 —i1.4 x 10717 | 1.83102416 x 1077 +1i3.4 x 10~ | 2.073 x 10~
(LRWY ] 1.83102415 x 1077 +i4.1 x 10713 | 1.82927679 x 10~° 4+i7.0 x 1079 | 1.029 x 103

Table 5.2: ¢ = 2 LUMINOSITIES RECORDED AT r = 1000. Entries result from addition of m =1
and m = —1 luminosities, and they correspond to a circular orbit with (r, ¢) = (7.9456,0) initially.
Qerror s been computed with more precision than reported for the table entries.

CPM and RW entries in the Qsmooth column are in excellent agreement.

Relative to the true luminosity which would be recorded at null infinity, even
the exact FCPM read off at 7 = 1000 would have an O(r~1) error, but here we have
viewed the read-off value as the true one. Because EPM is unaffected by the Jost

E‘CPM

junk solution, E /7

estimates error stemming from both the method and any resid-
ual dynamical junk. The other luminosities are affected by the Jost junk solution;
however, as shown in the Appendix, errors which stem from the Jost solution decay
faster than 1/r. Therefore, these errors should be smaller than the O(r~!) errors

associated with using the read-off luminosities as approximations to the ones at null

infinity.

5.3.4 Self—Force Measurements

Incorporation of self-force effects constitutes an important approach towards mod-
eling realistic gravitational waveforms. For quasi—circular orbits the dissipative part
of the self-force is given by (2.64). For perturbations described by the CPM mas-

terfuntion and with the Regge-Wheeler gauge, the non-zero contributions (for each



130

Relative error of E -7 E
: : —P 8.316324X10 P :
10° —Smooth | —Smooth
- --Impulsive /\ ---Impulsive
8.316322! ]
i

8.316320r

8.316318

0 100 200 300 400 400 500 600 700 800
t t

Figure 5.7: E, TIME SERIES FOR SUMMATION OF £ = 2 AND m = +1 MODES. In the right panel

the curve corresponding to impulsive start-up has the larger amplitude (due to small fluctuations
this curve does not appear dashed as indicated in the legend).

mode) involve the axial metric reconstruction Eqs. (2.46)

Ohyy [ [ T 0T

_J 9 x
ot 2 (Tﬁtﬁr Tor ) -
Olug = i ra—qj + 0| X |
o6 2\ or 4

in a source free region. When numerically forming these expressions, we replace 0,V

and 0,¥ by —II and f~1®.

We now fix 7 = 100 and 6 = 0.014 to achieve a smooth start-up, run to the final
time tr = 800, and pick At = 0.005. Other parameters are the same as those in
Sec. 5.3.2. We compute E, and L, for (£,m) = (2,41) perturbations. Because E,
is computed with time derivatives of WCPM  the static Jost junk solution does not

impact its measurement. We therefore expect that

Ep (‘Ijiér?:pulsive) = Ep (mgzooth) : (524>
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However, an impulsive start-up appears to generate more dynamical junk at late
times. Figure 5.7 depicts E’p, recorded as a time series, for both impulsive and smooth
start-ups. A separate experiment based on waveform read-off near the blackhole and
waveform extraction at the outer boundary determines that the energy carried away
by the gravitational waves is Eqy ~ 8.3163 x 1077. The relative errors in the
left panel of Fig. 5.7 are computed as |Ep — EGW] /EGW, and are limited by the
accuracy of Egy. We therefore do not expect agreement beyond a relative error of
107°, although clearly such error will settle to a constant value. The time series for
both the impulsive and smooth start-up exhibit large oscillations which persist until
about ¢t = 400. However, beyond ¢ = 400 the impulsive start-up series shows larger

oscillations.

Zp depends on both WM and its spatial derivative ®“*™ whence the Jost junk
solution will impact its self force measurement. With smoothing, the time series plot
for Lp looks similar to one for Ep in Fig. 5.7, and is not shown. We note that our
self-force Lp measurement agrees with a separate experiment which finds that the
angular momentum carried away by gravitational waves is Loy ~ 1.8626 x 107,
Figure 5.8 shows that Lp is typically discontinuous at the particle for an impulsive
start-up. Even with an impulsive start-up, the Lp measurement yields the correct
value when averaged over an orbital period Ty, and it is continuous across the particle

(with the correct value) when the particle returns to its initial orbital angle.

These phenomena are a consequence of the axial Jost junk solution (5.8). For
t fixed, Eq. (2.64) shows that L,(¥) depends linearly on W. Therefore, L, (W47, +
wlim w) = Ly(V5n) + L,(Wim ), so we can focus on L,(W§2,) alone. The ex-
pressions (5.14) for Cf g are linear in F(0,r,), which is in turn proportional to

the conjugate of an axial vector spherical harmonic X, . Motivated by this obser-

vation, we “factor off” the conjugate, writing ¥{m, = ng(a:))_(f)m(gbo), where ¢ is
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<105 Lp with smooth start-up o L, with impulsive start-up
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Figure 5.8: t = 800 SNAPSHOT OF REAL PART OF L, FOR £ = 2 AND m = 1. The particle is
located at the interface between the two subdomains.

the particle’s initial orbital angle and n,(z) is a real discontinuous function solely
of . The expression (2.64) for L, involves Ohy,/dp, which by (5.23) is propor-
tional to Xys. In the equatorial plane Xﬁg‘ = 8¢Xﬁm = imX‘™, and we con-
clude that Lp(\llﬁg";t) = imé&(x) X5 (do) X (p(t)), where & (z) is a real discon-
tinuous function solely of x. Therefore, when the particle returns to its initial po-
sition (that is, when ¢,(t) = ¢¢), the value of Lp(\llf}grlst) is pure imaginary and
L, (Whm) + L, (\I/ﬁogf”‘ ) = 0. For perturbations generated by a particle in circular
orbit, we have seen that Wi .~ Wi 4+ Win . to high accuracy. Combination

of this expression and the above arguments for axial perturbations then gives

Z LP(\I}ieerulsive) = Z LP(\Pﬁzooth)v (525)

jml<t Iml<e

when ¢,(t) = ¢o. Moreover, one finds <Lp (\I/f}’(’;gt» = 0 for time averaging over an

orbital period Tj.
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Figure 5.9: DIFFERENCE BETWEEN CPM FIELDS WITH AND WITHOUT SMOOTHING FOR AN
ECCENTRIC ORBIT. Here we plot both real (dashed) and imaginary (solid) parts at ¢z = 3000.

5.3.5 Consequences for Eccentric Orbits: Preliminary Re-

sults

This section considers a particle in an eccentric orbit using the full moving particle
setup developed in Chapter 4. The orbit’s eccentricity and semi-latus rectum are
(e = 0.76412402, p = 8.75456059), and we choose x = 0.2 and ¢ = 7/4 to fix the
particle’s initial position. We simulate the resulting (¢,m) = (2, 1) perturbation with

(cf. Table 5.1) a = —200, b = 1012.43, S, = 22, Sp = 100, N = 31, At = 0.02,
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and tp = 3000. We again take 7 = 150, 6 = 0.0058 as the smoothing parameters.
A coordinate transformation is used to keep the particle at a fixed location between
subdomains. Thus, before making comparisons, we first interpolate all fields onto a

uniform z—grid (tortoise coordinate) with 6063 points.

Fig. 5.9 shows the difference between fields for smooth and impulsive start-ups.
The two numerical solutions are clearly different, although for the case of eccentric
orbits we have no analytical understanding of the resulting “junk solution”? presum-

ably seeded by impulsive start-up. Empirically, we find that this solution satisfies

[[\Ijjunkﬂ (t) = - H:‘Ilanalyticﬂ (0) (526&)
[Psuni]] (1) = 0 (5.26b)
[Muai]} (2) = 0, (5.26¢)

where [[Wanagiic]] (£) = f,(6)F(t, rp(8))/(f2(t) — 72(t)) is derived in Sec. 4.2.4. These
time independent jump conditions are the same as for the circular orbit W solution.
With our choice of numerical parameters the axial consistency condition is satisfied
to better than a 1 x 107 relative error throughout the entire domain for a smooth
start-up. For an impulsive start-up the condition is violated to the order of the
solution itself. We conclude that, as for circular orbits, the junk solution generated

by an impulsive start-up leads to an inconsistent modeling of the axial sector.

Table 5.3 collects energy and angular momentum luminosities. These luminosities
have been averaged from t = 1700 to tp = 1700 4 47,., where T, ~ 780.6256 is the

radial period from (4.4). Unlike the circular orbit case, the discrepancy between

2At present, we are uncertain if the generated junk solution fulfills the formal definition of a
Jost solution. Thus, in the context of eccentric orbits we simply refer to the persistent solution as
the “junk solution”.



’ Q ‘ (smooth ‘ Qimpulsive ‘ Qerror
(EZY) 1.559917 x 10~* | 1.559484 x 10~ | 2.775789 x 102
(ESTM) 1.153983 x 107 | 1.236758 x 1076 | 7.172983 x 102
(B 1.153983 x 1076 | 1.872073 x 106 | 6.222709 x 10~
(ESEMY (B2 1.571457 x 1074 | 1.571852 x 10~% | 2.512000 x 10~4
Re(L2Y) 2.078556 x 1073 | 2.076811 x 1073 | 8.395251 x 10~4
Re(L§TM) 1.441737 x 1075 | 1.537876 x 107 | 6.668276 x 10~2
Re(LEY) 1.441749 x 107° | 1.662726 x 10~ | 1.532701 x 10~}
Re(LSTM) + Re(L5Y) | 2.092973 x 1073 | 2.092190 x 10~? | 3.744004 x 10~*
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Table 5.3: ¢ = 2 LUMINOSITIES FOR A PARTICLE WITH AN ORBIT GIVEN BY (e = 0.76412402,p =
8.75456059). Entries result from the addition of |m| and —|m| luminosities.

waveforms corresponding to smoothly and impulsively started fields may be larger
than usual O(1/r) error associated with read-off at a finite radial location rather than
infinity. Moreover, the junk solution would seem determined by the initial orbital
parameters. Indeed, the values Qimpulsive and errors quoted in our table strongly

depend upon such choices.

5.4 Comments on the Generality of Jost Junk

A number of time-domain methods exist for solving Eq. (4.1) as an initial bound-
ary value problem, including those described in [21, 157, 153, 204, 134, 56, 57].
These methods vary in both the underlying numerical scheme (e.g. finite difference,
finite element, pseudospectral, and spectral) as well as their treatment of the dis-
tributional source terms (e.g. Gaussian representation, analytic integration, domain
matching). Numerical simulation of metric perturbations may also involve other
choices (e.g. gauge, number of spatial dimensions, choice of numerical variables).
Moreover, similar time-domain methods exist for solving the forced Teukolsky equa-

tion describing particle-driven perturbations of the Kerr geometry (see for example
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Figure 5.10: DIFFERENCE BETWEEN SMOOTHLY AND IMPULSIVELY STARTED FIELDS USING A
FINITE-DIFFERENCE METHOD. As in Subsection 5.2.2, we consider WEPM for ¢ = 3 and m = 2.
The bottom plot depicts the relative error between the numerical and analytical Jost solutions.

Refs. [8, 207, 209]). For all of these methods, the issue of impulsive start-up would
seem pertinent, although clearly we cannot examine each method. Nevertheless,

we now attempt to provide at least partial insight into the ubiquity of static junk

solutions.

As mentioned earlier, the results and observations of this chapter have been in-
dependently confirmed with each of our two numerical methods: the nodal Legendre
dG and Chebyshev schemes. However, as these schemes are rather similar, we now
briefly consider a finite-difference scheme for solving (4.39), based on fourth, sixth,
and eighth order stencils for the spatial derivatives. To stabilize sixth and eighth

order stencils, we have followed Ref. [114]. Furthermore, we replace the Dirac delta
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functions in (5.1) by narrow Gaussians. Precisely, for 0 = 0.1 we make the replace-

ment

LKxjﬁ%x—ﬁ%)—>J@;ﬂ;%%;em)(—g£:jiﬁ) (5.27)

202
for both the J; and J; terms in (5.1). With essentially the same experimental set-
up described in Subsection 5.2.2, we repeat that experiment using 4000 points and
sixth order spatial differences. The results, shown in Fig. 5.10, clearly indicate the
presence of a static “Jost junk” solution. A larger choice for o gives rise to a rounder
transition near the particle. However, the following shows that such contamination

is not a generic feature. We introduce a variable ® obeying
=& — [[W]5(x — z,), (5.28)

so that the system formally becomes

8t\11 - —H
Ol = —0,® + V(r)U + J16(x — ) + J30'(z — z,) (5.29)
0P = —9,11,

where J5 = [[V]] = F(t,1,)/ fp. If we now replace the 6,0’ terms in the new system by
appropriate Gaussians, then we do not observe a persistent Jost junk solution when

trivial initial conditions are supplied (neither in finite-difference nor dG simulations).

Persistent junk solutions arise from the combination of inconsistent initial data
and the distributional forcing terms which define the EMRB model. In particular,
we observe that development of a Jost junk solution depends on how the distribu-
tional forcing is treated rather than the underlying numerical method. Therefore,
whether or not they contaminate simulations should be considered on a case-by-case

basis. Domain matching approaches which enforce jump conditions without approx-
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imation (considered in this chapter) exhibit a Jost junk solution in the absence of
smooth start-up. With first order variables such approaches correspond to system
(5.1) rather than (5.29). Treatment of system (5.29) with Gaussian representations
for 0,0’ exhibits no persistent junk solution, although such an approach necessarily
introduces large method error relative to the exact distributional model and features
variables with d-like behavior near the “particle” (Gaussian peak). The issue of
a static junk solution for schemes which discretize the second order equation (4.1)
deserves further consideration, although, if present, then the particular Jost junk

solution observed in this chapter would likely be of relevance.?

3For a static solution to have gone unnoticed, it would seem reasonable to expect decay as
either r — 2M™ or r — oo. Such solutions will necessarily be discontinuous, and presumably
such discontinuities could only “hide” at the particle, requirements that fix the form of the static
solution up to the constants Cy, and Cg introduced in Section 5.2.2.



CHAPTER SIX

GBSSN System in Spherical

Symmetry
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6.1 Introduction

This chapter details a discontinuous Galerkin method for the GBSSN system, which
is a close cousin of the traditional BSSN system currently used by numerical relativity
groups. A full discussion of both systems is given in 2.6, and we remind the reader
that the essential difference is that GBSSN does not require the conformal metric’s

determinant be set to unity.

To provide context we briefly consider the generalized harmonic (GH) system
(93, 109, 182, 147] and the traditional BSSN system [200, 28, 41], these are the
two most widely used systems to evolve comparable mass binary black hole sys-
tems. Using a finite-difference approach with adaptive mesh refinement, Preto-
rius [180, 182, 181] used a constraint-suppressing second-order form of the GH system
(suggested by Gundlach et al. [109]) to evolve a binary through inspiral, merger and
ringdown. Lindblom et al. [117] recast the second-order GH system into a first-order
symmetric-hyperbolic evolution system with constraint suppression comparable to
that of the second-order system. This first-order GH system has been used to suc-
cessfully simulate binary black holes evolution with nodal spectral (pseudospectral)
methods [35, 198, 205]. More recently, Ref. [212] has introduced a new penalty
method for nodal spectral evolutions of spatially second-order wave equations. This
work provides a foundation for solution of the second-order GH system via spectral
methods, and has been used to evolve the Kerr solution [213] and the inspiral of
binaries. Typically written in a spatially second-order form, the BSSN system [28]
has seen widespread use by numerical relativity groups that employ finite-difference
techniques to evolve binaries. Ref. [214] presented a nodal spectral code to evolve

the BSSN system in second-order form. The system proved unstable when tested

on a single black hole. In more recent work [215], longer evolutions were obtained
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through the adoption of better gauge conditions, filtering methods, and more distant
outer boundaries. The BSSN system has also been evolved in a first-order strongly-
hyperbolic formulation for a single black hole with nodal spectral methods [167].

Such evolutions of a single black hole exhibited instabilities similar to those reported

in Ref. [215].

Corresponding to the two versions of the Einstein equations discussed in the last
paragraph are two distinct techniques for the treatment of singularities in numer-
ical relativity. Evolutions based on the GH system have used black hole excision,
whereby the interior of an apparent horizon is removed (excised) from the compu-
tational domain. This technique relies on horizon-tracking and gauge conditions
which ensure that inner boundaries of the computational domain are pure out-flow,
whence no inner boundary conditions are needed. FEvolutions based on the BSSN
system have relied on the moving-punctures technique [53, 26|, also coined “nat-
ural excision.” Technically much easier to implement than excision, this technique
features mild central singularities which evolve freely in the computational domain.
Initially these puncture points may represent either asymptotically flat regions or
“trumpets.” Hannam et al. first discussed cylindrical asymptotics in moving punc-
ture evolutions [115, 116], see also [42, 29, 117, 45, 46].

Relative to the alternative systems previously discussed, the (G)BSSN system in
second order form affords an easier treatment of singularities and features a relatively
small number of geometric variables directly related to the foliation of spacetime
into spacelike hypersurfaces. However, to date, spectral methods for black hole
binaries have been successfully implemented only for the first-order GH system. The
binary black hole problem is essentially a smooth one (singularities reside on sets of
measure zero censored by horizons), and spectral methods exhibit well-established

advantages over finite-difference methods for long-time simulation of such problems
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[124]. Therefore, the development and analysis of a stable spectral implementation of
the full BSSN system is a worthwhile goal in numerical relativity, and the motivation

behind the pioneering investigations reported in Refs. [214, 215, 167].

In Refs. [11, 412], Brown introduced the spherically reduced GBSSN system as a
test bed for tractable examination of theoretical and computational issues involved
in solving this system. Indeed, appealing to the simplicity of this system, he offered
geometrical and physical insights into the nature of the moving-puncture technique
and its finite-difference implementation [12, 45, 46] (see also [29, 117]). Here, we
exploit this system to a similar end, using it as a simplified setting in which to de-
velop spectral methods for the stable integration of the GBSSN system. Precisely,
we develop and test a nodal discontinuous Galerkin method [121] for integration of
the spherically reduced GBSSN system. While Brown’s chief focus lay with moving
punctures, for further simplicity we adopt the excision technique. Clearly, the prob-
lem we consider is not as daunting as the one confronted by both Tichy and Mroue
(214, 215, 167]. Nevertheless, our method is robustly stable, and therefore might
serve as a stepping stone toward a stable dG-based formulation for the full (G)BSSN

system.

Nodal dG schemes are both well-suited and well-developed for hyperbolic prob-
lems [121]. Although mostly used for hyperbolic problems expressed as first-order
systems, dG methods have also been applied to systems involving second-order spa-
tial operators, typically via dG interior penalty (IP) methods [208, 63, 107, 108,
122, 199]. (Refs. [100, 110, 111] discuss the concept of hyperbolicity [140] in the
context of such systems.) Penalty methods of a different type were exploited in
Ref. [212] for the wave equation written in second order form. Local discontinuous
Galerkin (LDG) schemes, developed initially by Shu and coworkers [67, 226, 227],

constitute an alternate approach for integration of spatially second-order systems.
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LDG schemes feature essentially the same auxiliary variables as those appearing in
traditional first-order reductions, however in LDG schemes such variables are not
evolved and arise only as local variables. The basic difference between dG-IP and
LDG methods is the manner in which subdomains are coupled. The method we

described for the spherically reduced GBSSN system is essentially an LDG scheme.

This chapter is organized as follows. Section 6.2 collects the relevant equations
and develops some further notation useful for expressing the spherically reduced
GBSSN system in various abstract forms. This section also considers a discussion of
hyperbolicity and constructs the relevant initial data. Section 6.3 presents our nodal
dG scheme in detail and considers a simple system which models the spherically
reduced GBSSN system, giving an analytical proof that the model system is Lo stable
in the semi-discrete sense. Section 6.4 documents the results of several numerical
simulations testing our scheme. Appendix F details the reduction of the 3+1 GBSSN
to spherical symmetry, and appendix E constructs the characteristic fields and speeds

of our system.
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6.2 Spherically Symmetric GBSSN Equations

6.2.1 Basic Variables and Spherically Reduced System

Consider a general spherically symmetric line element!,
ds® = —a?dt* + x ' gp(dr + B7dt)* + X goe(dB? + sin® 0d?), (6.1)

along with the spherically symmetric Ansatz:

rr 1 0 0
=1 —cos/(gegsin®) |, A=A | 0 —gp/(29,7) 0
0 0 0 —geosin®0/(2g,,)

(6.2)

The ansatz A, is motivated by the line element (6.1) and definition I_(ij = —%Cngij.
Notice that Kij contains two pieces of information, namely K,, and Ky, and upon a
conformal traceless decomposition these become K and A,,.. Of course we could have
chosen Agyy as our preferred variable, which is related to A,, through the trace-free

condition?.

Section 2.6.3 presented the full 3+1 GBSSN system with 1+log and ['-driver

gauge conditions. Appendix F derives the spherically symmetry version of this sys-

L Two potentially confusing notational changes are made in this chapter. First, we deviate
from the convention of Chapter 2 by now using g.g for the spatial metric. Second, we now denote
physical tensors, for example g,., with a ‘bar’ and conformal tensors, for example g,.,., without a
‘bar’. This switch will reduce the notational burden when we discretize the GBSSN system. Also,
our notation changes agree with Refs. [12, 91].

24;; is traceless by virtue of the ansatz, and at the analytic level is traceless by definition.
However, suppose we abandon our ansatz by permitting both A,, and Agy as system variables.
Numerical errors would then result in A® , # 0. Thus an advantage of the ansatz is seen to exactly
enforce the trace-free constraint, although in principle this does not need to be done.
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tem given our ansatz, although not with the notational conventions of this chapter
(cf. footnote 1). There it is found that the basic GBSSN variables x, g.», goa, Arr,

K, T", «, 57, and B" satisfy the (Lagrangian-form) GBSSN system:

O = fa’ — 2aK — (9,0 (6.3a)
3
0,8" = BB + ZBT — (0o (6.3b)
8,B" = B'B" + AQI" — B'T") —nB" — (8,B)o (6.3¢)
2 B9 X 2B"ggex 2
8 — ATy —K o rr . 00 _ Zoprt 63d
X =AY+ g Kax 30, S000 38 x (6.3d)
2 r r !
D Grr = Brgrr"i_ grrﬁw w (6.3e)
3360
A'r'rgo%a 9008" g, 2
o — Zpr — L ! 6.3f
G0 35 Goo + o S0 39995 (6.3f)
4 r 28" " Ar‘r 2 /)2 /7 \2
at . /B’I‘A + _AT"V‘BTI o ﬁ grr o B 909 + &X(grr) o aX(ggﬁ)
3 3grr 39066 39 3950
o N\ 2 2 a / / / a/ / O/ a / / a / /
_al)” | 2 oy — X900 | XIr | X0 09X OGpoX
6x 3 29rr 900 3Grr 3900 6Grr e
2 , ., ax" 2, axgl | axgm 20A7 200X
_ AN = _ rr _ rr K Arr _
SOCX + 3 Sxa 3grr - 3900 Grr R 3999

(6.3g)

/ / / / /Ny " 3 A2 1
Xgr;a o XYGpp™ + ¢ . X« « 27"7’ + —OéKQ (63h)
29’/‘7‘ 9rr9e6 297“7“ 9rr zgrr 3

A,aq, 28" g Aaq 4a K" 2A,.,.¢ 3A..ax
atrr — ﬁrrr/ + 20[999 + /B Yoo + (;grr . a . 5 « o ) a’x
9rr 900 397"7"999 Grr 397“7" Grr 9 X
47 B(g6)® |, B9 59y
3grr Grr (999)2 6(97"7")2 399997"7“ 7

K:/BTKI+

+

(6.31)

where the prime stands for partial r-differentiation. Eqgs. (6.3) have been specialized
to matter-free regions of spacetime by setting j" = SEF =S = p = 0 in the
more general version of Sec. F.4.3. Throughout this chapter we refer to Egs. (6.3)
as the GBSSN system, although some minor modifications (beyond the vacuum

condition) have been introduced”. First, (0,a)o designates a constant term which

3 All modifications take place in the gauge evolution equations, whence the physics is unaffected.
Such freedom is simply a reflection of our ability to choose coordinates as we wish.
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ensures that the right-hand side of the « evolution equation (6.3a) vanishes at the
initial time. This source term as well as the analogous terms appearing in the
evolution equations (6.3b,c) for 7 and B" are needed to enable a static evolution
of the Schwarzschild solution in Kerr-Schild coordinates. Second, the parameter A
(perhaps with functional dependence) modifies the hyperbolicity of the first-order
system [6], allowing for an “adjustable” excision surface. For this GBSSN system,
we have three constraints: the Hamiltonian constraint H, the momentum constraint
M,., and the conformal connection constraint G" resulting from the definition of the
conformal connection I'". These constraints are given in Appendix F.3, reproduced

here for convenience:

34N 2K S0 2x

H= - + ==+ =
297%7“ 3 2Xg7‘7" Grr goo
1 !/ / / !/ / 2 (64&)
_ 260 2XGh0 , XIrGpe _ X'Gre , X(dho)
9900 G0 9H9e0  GZ 20mGgs
A 2K 34X 3Angh,  And
Mr [ A o X Y06 o Grr (64b)

Grr 3 2XGrr 2Grr9o0 gfr

9, 9oo
g =-—"T 4+ == 41", 6.4c
292 GrrGo0 (6.4c)

Egs. (6.3e,f) also ensure that the determinant factor g/sin”6 = g,,(ggs)? remains

fixed throughout an evolution.
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6.2.2 Abstract Expressions of the System

We define the following vectors built with system variables:

/

X X
B?"

Grr Grr
AT’T

u = Joo 5 v = s Q = gée . (65)

K

o o
I /

B B

Introduction of ) might seem unnecessary at this stage, but proves useful in the
construction of our discontinuous Galerkin scheme. In terms of the vectors u, v, and

Q) we further define

u
u v
Wuv_ s WUQ_ s W:WUQ: v (66)
v Q
Q

Here we now have introduced “colon notation” [106] to represent (sub)vectors and
(sub)matrices?, although we employ the notation over block rather than individual
elements. In the first-order version of the system (6.3) the components of () are pro-

moted to independent fields, in which case the corresponding principal part features

4This should not be confused with our earlier usage of a colon for covariant derivative on the
two—sphere.
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a ABT AG"
a Br — rBr/ _ . ! / 67
t ’ 39rr 39rr Q'B 6(gr)? 2 3900Grr " (6.72)
2 2 ay ax
(9 rr TA rr FN - 5 - —=Q' 67b
t ﬁ rr + 3g a’x + C(Q 3 Q 3grr Qgrr + 3g99 966 ( )
K=p8K-2Xq, (6.7¢)
4a K’ 4 B" B
o =T — . ! ! 6.7d
' p 3Grr 3gm~Q5 - 6(g,~r)2Q~"” * Bgeegw 900 (6.7d)
. 2 B 2B"x
hQy = Q) +§WK” @MQ%_‘@ Qm—u—Qm (6.7¢)
T Z,QT'T/BT
8t@g'rr = _5 ngw + _gerfm - 2O4A;=r - 3900 900 (67f)
Joox Goo 5" 2
0 Qgpo = 990 AW 300 ngw — ggaeQ}gr (6.7g)
f%Qa==5WZX—2aK7 (6.7h)
3 .
Qs = B Qs + ZBW; (6.71)

where all lower-order terms on the right-hand side have been dropped. This sector

of principal parts of the first-order system has the form
OWag + AW/, =0, (6.8)

where (minus) the explicit form of the 9-by-9 matrix A(u) is given in (E.1). The

first-order version of (6.3) takes the nonconservative form

OW + A(w)W' =S(W),  Alu) =
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where S(W) is a vector of lower order terms built with all components of W. Parti-

tion of A(u) = A(u)ng.:0 into blocks corresponding to the v and Q sectors yields

_ A(u)yy | Alu),
Alu) = ~( ) ~( i (6.10)
A(u)qu | Alu)ge
Using these blocks, we then define the 9-by-9 matrix
0 0
Au) = Ao = | — 2 (6.11)
Aw)ow | Alu)ug
and express (6.3) as
OWeo + A(w)W,. o = S(W) (6.12a)
Q=1 (6.12b)

where S(W) = S(W) 0.

6.2.3 Hyperbolicity and Characteristic Fields

Although our numerical scheme deals directly with the second-order spatial operators
appearing in (6.3), we first consider the hyperbolicity of the corresponding first-order
system (6.9). Our definitions and method for analysis directly follows the discussion
in Sec. 3.2. The characteristic fields and their speeds are found by instantaneously
“freezing” the fields u in A(u) to some value ug, corresponding to a linearization
around a uniform state. Below we continue to write u for simplicity with the un-
derstanding that wu is really the background solution uy. Of primary interest is the

range of ug for which the system is strongly hyperbolic [100, 110, 111, 140].
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’ field H speed ‘
X1 p1 =0
Xo3 pogz = —08"
Xi pi = =B+ \/2ax/grr
X | =B % ay/x/gn
Xs s = =B £ /Mg

Table 6.1: CHARACTERISTIC SPEEDS. These speeds are the coordinate speeds, measured with
respect to 9/0t and to be distinguished from proper speeds measured by observers who are at rest
in the space-like hypersurface (for a discussion see Ref. [15]). These coordinate speeds are the
eigenvalues listed in E.2.

Appendix E shows that the characteristic fields corresponding to (6.3) are as

follows: (i) all components of u (each with speed 0), and (ii) the fields

X1 = 900Qg,, + 29rrQ g4y (6.13a)
Xo = g+ ~Q = 5=Qu — = (6.13)
Xo= BB+ 20— 50y~ —Qu (6.130)
Xp=+% QQjTTK +Qa (6.13d)
XE =7 \/;_XA £2, /PR 4 20,77 + Q= = Q.+ 2 Qp (6130
. N r

X =5 G K -

B 4999(57"5:(};; VAGrr) Qoo + (Qaix— )\)QO‘ = %Qﬁr’ (6.13f)

with the speeds listed in Table 6.1. To ensure strong hyperbolicity we must neces-
sarily require

A>0,  (07)gm—A#0,  2ax—A#0, (6.14)

as shown in in Appendix E where further conditions are also given. When A = 1
the hyperbolicity condition of Ref. [12] is recovered. In fact, the system could be

recast as symmetric hyperbolic. Indeed, as it involves one spatial dimension, the
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relevant symmetrizer can be constructed via polar decomposition of the diagonalizing

similarity transformation. However, we will not exploit this possibility.

This system admits an inner excision boundary provided

5 | o2 /
f" > max (Q/ ch’ “ X, i) (6.15)
g?’"f’ gTT gTT’

holds at the inner boundary. This condition ensures each characteristic field has a

nonpositive speed at the inner boundary, and therefore the inner boundary is an
excision boundary at which no boundary conditions are needed. The extra flexibil-
ity afforded by the parameter A could be used to maintain rigorous hyperbolicity
by moving the points at which the conditions in (6.14) are violated outside of the
computational domain. Furthermore, for A = 1 Eq. (6.15) conceivably fails or is only
satisfied close to r = 0 where field gradients are prohibitively large. The troublesome
X4 gauge mode has a positive speed —3" + \/m Indeed, for the conformally
flat Kerr-Schild system considered in section 6.4.3 an inner excision boundary is only

possible provided A is small enough.

The transformation (6.13) can be inverted in order to express the fundamental
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fields in terms of the characteristic fields:

1 A (B7)? ] 2 Ay 2 N
B = —— X i +-———2 (XS + X)) —=—(XT+X
697'1'9199 |:(6T)2grr —A ! 3grr(2ax - )\>( 4 4 ) 39rr< 6 0 )
(6.16a)
1 rr — rr _
A= I X - xo) = VI (v xo (6.16b)
3 2¢ 6
X _
K= Sagn (XéiIr - X)) (6.16¢)
1 1 (B7)? } 1 2 ax _
"= —— Xi+—(Xy—X3)+-———— (X 4+ X
6 GrrJdoo |:(6T)29rr - )\ ! grr( ? 3) 397"7‘(205)( - )‘)< ! ! )
21 _
_ gE(Xg‘ + X5) (6.16d)
1 x  [4(8)%gm —3X X 1 ax® _
= — X X, ———2 (X4 X
QX 12 Grrgoo |: (BT)ZgT'I’ —A ! * 2 ’ 3 (200( - )‘)( ‘ - ‘ )
+ %(Xg +X7) (6.16¢)
Z(BT)QQT‘T - 3)\ 4 2 axXGrr _
= X P G . ¢ =AM (XF+ X
1 2
1 (87)? 2 1 1 axges -
= X| — —gep X Zgge X3 — ——22 (X + X
Qo = |Gy, ¥ 12((Bryg — ) 1~ 390X F g% gigg, — K A
1 1
+ égee(X; +X5) + ggee(Xgr + X5) (6.16g)
1
Q. = §(XI +X;) (6.16h)

_ g A [OX  or oo
@ = 83rrgoo((8")*Grr — A)Xl 2ax — A\ 8g,, (X5 — X))

1 /A
+5 g—(X6+ — X;). (6.161)

We will refer to this inverse transformation when discussing outer boundary condi-

tions for our numerical simulations in Sec. 6.4.3.
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6.2.4 Construction of Initial Data

We now construct initial data which is well suited for testing the nodal dG scheme.
At a minimum the initial data should be spherically symmetric, and additionally we
focus on solutions which are analytically known for all times. With such solutions
we can preform straightforward and unambiguous convergence tests in addition to
monitoring constraint violations. We wish to treat the singularity via excision, thus
we further demand that for some region of the spacetime the excision conditions
(6.15) are satisfied. Here we consider the classic Kerr-Schild solution, although many

others are possible [137].

Schwarzschild Solution in Conformal Kerr-Schild Coordinates

In Kerr-Schild coordinates, here the system directly related to incoming Eddington-

Finkelstein null coordinates, the line element for the Schwarzschild solution reads

ds® = —a’dt* + (1 +2M/R)(dR + B%dt)* + R*d9* + R?sin” 0d¢?, (6.17)

where R is the area radius, o = (1+2M/R)~Y/? is the lapse, and 8% = 2M /(R+2M)
is the shift vector. The physical spatial metric® g, is the spatial part of this line

element.

To define the corresponding solution to the GBSSN system, we use equation

Jab = XGap to define the following relationship between line elements:

dr® + r*(d0” + sin® 0d¢®) = x[(1 + 2M/R)dR?* + R*d0* + R*sin®0d¢*],  (6.18)

We remind the reader that throughout this chapter physical quantities have a ‘bar’ while
conformal ones have no ‘bar’ (cf. footnote 1).
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so that
X (1 + %) (%)2 =1, xR* =2 (6.19)
Then we have
(1 i %y LN (6.20)

with integration yielding

2
R [ 2M R
T = Z (1 + ]. + ?) 62_2 1+2M/Ra (621)

where the constant of integration has been chosen so that the R,r — oo limits are

consistent. The second relation in (6.19) shows that

(6.22)

4
L BT amr a2V
16 R : T

The extrinsic curvature tensor is specified by the expression for K given in (6.25h),

the identity K = K& + 2KJ, and

oM\ M 2M
Kf = (1 + 7) R (6.23)

Since KE = KT, we compute that

(6.24)

2M>1/2 ( R+M) oM

K =K—-2K=—(1+"— .
’ o (+R R+2M ) R?

Next, since K,, = g,.K' = x 'K", we have K = A, + %ng. This implies
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A, = K7 — 1K, from which we get (6.25g). In all we have

oM\ 2
o = (1 + ?> (6.25&)
dr oM\ V2 oM
ro__ R — 1/2 = =
B =B = x (1 + ) I (6.25b)
g = 1 (6.25¢)
goo = 1> = xR (6.25d)
4
1 oM
X=—[1+4/1+= ] et HVIH2M/E (6.25¢)
16 R
B" =0 (6.25f)
OMN\ Y2 4M (2R +3M
A, =— 14+ 2= 2
( * R) 3R2(R+2M> (6:25¢)
oM\ 3?2 M\ 2M
K=(1+2= 1+ ) = 6.25h
(%) (%)% (6250
. 2 2 .

To differentiate these expressions with respect to r, we use the identity

dR oM\ 2
o 1+ 26
ar X ( * R) (6.26)

along with the chain rule.

6.3 A DG Scheme for the GBSSN System

This section describes the nodal discontinuous Galerkin method used to numerically
solve (6.3), and builds upon the basic dG scheme ingredients of Sec. 3.3. To ap-
proximate (6.3), we follow the general procedure first introduced in Ref. [25]. Our

approach defines local auxiliary variables () = v/, and rewrites the spatially second-
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order system (6.3) as the first-order system (6.12a). Once we use (6.12b) to elimi-
nate () from (6.12a), we recover the primal equations (6.3). The auxiliary variable
approach was later generalized and coined the local discontinuous Galkerin (LDG)
method in Ref. [67]. We may refer to our particular scheme as an LDG method, but
note that many variations exist in the literature. We stress that in LDG methods
@ is not evolved and is introduced primarily to assist in the construction of a stable

scheme.

Equations (6.11) and (6.12a) imply that the physical flux function is

fBr
FW) = (W) A= | | o Pl 6oy
Jr

Only the evolution equations for B”, A,.,., K, and ['" give rise to non-zero components
in F', and we have collected these non-zero components into a smaller vector f = F;,.

Inspection of (6.7) determines these components. For example, from (6.7¢) we find

fx = =B K + Q.. (6.28)

rr

6.3.1 Discretization of the System (6.12)

The computational domain 2, is the closed r—interval [a, b]. We cover €2, with K > 1
non-overlapping intervals D¥. On each interval D¥, we approximate each component
of the system vector W by an interpolating polynomial of degree N belonging to D*

and interpolating at the LGL nodal points. Notice that although @ = ', @} and u},
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are not necessarily the same.

On each open interval (a*,v*) C D* and for each component of the equations in
(6.12), we define local residuals measuring the extent to which our approximations
satisfy the original continuum system. Dropping the subdomain label £ on the
polynomials and focusing on the K equation as a representative example, the local

residual corresponding to (6.3h) is®

_ k — rol L% XQgera) o <XQ999Q04)
(Rk)p =— 0K+ (B"K"), < - )h + (—297%7« ) —gwg% )

a 3aA; 1
+ <%> + (&—2> + <—aK2> . (6.29)
29, h QQW h 3 h
We similarly construct the remaining eight residuals, e.g. (R, )n and (Rpr)p, as well
as five residuals corresponding to (6.12b). For example, one of these remaining five
is

(Rg.)h = —Qapn + o (6.30)

The Galerkin conditions give rise to 9K (N + 1) coupled ODES for (6.12a) and
5K(N + 1) for for (6.12b). Integrating twice by parts, introducing the numerical
fluxes, and recalling definitions of the mass and stiffness matrix (3.32) we arrive at

a nodal form of the semi—discrete equation

XDQa 1xQ,, Q.  XxQy,Ru

oK =08"DK — 5
g,r 2 gy 9.+900
1Q.,Q, 3aA’ 1 _, 1 pk o
— — T+ —aK M8 — 1 . 6.31
+3 - +3 pey + gk + (fren = i) | | (6.31)

The superscript k is suppressed on all terms except £7(r) and the subscript A is

dropped on all boldfaced variables. Eq. (6.31) features a component f5 of the nu-

SNon-linear products and quotients of polynomials are discussed in Sec. 3.3.
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merical flux. The numerical flux is determined by (as yet not chosen) functions’

ff= Wt we), (6.32)

where, recall, W~ is an interior boundary value of the approximation defined on D¥,
and W is an exterior boundary value of the approximation defined on either D*~!
or D1, Eight other semi-discrete evolution equations are similarly obtained, with

nine in total (one for each component of W,.,). Additionally, we have

by,
Q,=Da+ M Y — o) , (6.33)

ak

which again features a component a* of the numerical flux. Four other auxiliary
equations are similarly obtained, with five in total (one for each component of @) =
Wo.¢). The auxiliary variables are constructed and used at each stage of temporal

integration, but are not evolved variables.

6.3.2 Numerical Flux

To complete our dG scheme we must specify functional forms for the components of
the numerical flux introduced in the previous section. We distinguish between the
physical fluxes (components of f) and the auxiliary fluxes (components of ) arising
from the definition of the auxiliary variables. These choices are not independent as
the resulting scheme must be stable and consistent. Our choice follows [37] which

considered diffusion problems. Additional analysis of this flux choice appears in

7 In the context of the dG method here, + and — denote “exterior” and “interior”, and have no
relation to the 4+ using to denote the characteristic fields and speeds in Table 6.1. For characteristic
fields and speeds, + and — mean “right-moving” and “left-moving”.
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Let us first consider the numerical fluxes corresponding to the physical fluxes
and of the form (6.32). The numerical flux vector is a function of the system and

auxiliary variables interior and exterior to a subdomain. A common choice for f* is

T={u+ %[[Uhﬂm K-component of f*: fr = {{fxnrl} + %[[Khﬂn, (6.34)

where, as an example, we have also shown the component of f* corresponding to
the analysis above. The numerical average {{fx,}} and jump [[K,]]  across a local
outward—pointing normal n to a subdomain is defined in Eq. (3.30). Here 7 is a
position dependent penalty parameter (fixed below). The role of 7 is to “penalize”
(i. e. yield a negative contribution to the Ly energy norm) jumps across an interface.
An appropriate choice of 7 will ensure stability, and we now provide some motivation

for the choice (6.36) of 7 we make below.

Were we treating the fully first-order system (6.9), the local Lax-Friedrichs flux
would often be a preferred choice due to its simplicity [121]. In this case, the
constant w in the numerical flux formula F* = {{Fy}} + jw[[Wi]]  obeys w >
max| (Vi F(W))|. Here, F(W) = A(u)W, the notation (-) indicates the spectral
radius of the matrix within, and the max is taken over interior W~ and exterior W+
states. Motivated by (6.8), we adopt a similar but simpler prescription, substituting
the field gradient

Vo A(u)Wyq = A(u) (6.35)
for Viy F(W). Precisely, we assume the scaling

T(b*) = r(a*) = V2 = C . maXW(A(u)) ., (6.36)

where C' = O(1) is a constant chosen for stability. Larger values of C' will result

in schemes with better stability properties, whereas too large a value will impact
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the CFL condition. At the interface point 1¥*1/2 = D¥ N D**! the vector u; has
two representations: u~ at b* and v at a*™'. The max in (6.36) is taken over the
corresponding two sets of field speeds. More precisely, the speeds in Table 6.1 are
computed for both = and u*, and the maximum taken over all resulting speeds.
For the auxiliary variables, a penalized central flux is used. The definition with one

representative component is

1

ut = Huply — %[[uhﬂn’ a-component of u*: o* = {a,}} — 3 [[Oéhﬂn7 (6.37)

with similar expressions for the remaining components.

We stress the following point. Since the interior coupling between subdomains
is achieved through the numerical flux forms (6.36) and (6.37), the inverse transfor-
mation (6.16) expressing the fundamental fields in terms of the characteristic fields
is not required to achieve this coupling. On the other hand, imposition of physical
boundary conditions may still rely on (6.16), since this transformation allows one to

fix only incoming characteristic modes.

6.3.3 Filtering

Like other nodal (pseudospectral) methods, our scheme may suffer from instabilities
driven by aliasing error [124]. Filtering is a simple, yet robust remedy. To filter a
solution component, such as y, we use the modal (as opposed to nodal) representation

of the solution:
N

Xt 1) =) x(t. )k (r Z (6.38)

J=0
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where P;(r) is the jth Legendre polynomial. Let n; = j/N, and define the filter

function

1 for 0 <n; < N./N
o)) = e (6.39)
exp ( — €<nl]chc/N ) ) for N./N <mn; <1.
At each timestep we modify our solution component according to
fltered o
tere ~
Xi = ()T = o) XE) P (r). (6.40)

=0

Evidently, the modification only affects the top N — N. modes, and is sufficient
to control the type of weak instability driven by aliasing [121]. The numerical pa-
rameters N, and e are problem dependent. For our simulations, we have taken

€ >~ —10g(Emach) = 36, where ey,0, 18 machine accuracy in double precision.

6.3.4 Model System

To better illustrate the basic properties of our method, we consider a toy model.

Namely, the following spatially second-order system:

Ou=u'+av —u’ + g(t, x) (6.41a)

o =u"+v — (u+v)() +v*u® + h(t, ), (6.41Db)

where @ > 1 is constant and ¢ and h are analytic source terms to be specified.
In contrast to (6.5), here u, v, and ) = u’ are scalars rather than vectors. System
(6.41) admits a first-order reduction in which «’ is defined as an extra variable. Since
this first-order reduction is strongly hyperbolic, the spatially second-order system

(6.41) is also strongly hyperbolic by one of the definitions considered in [I11]. The
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characteristic fields X* and speeds p* are

Xt =Vav -1, pt=+a—1; X" =vVa+u, pu =-(a+1). (6.42)

To construct a local dG scheme for this system, we first rewrite it as

du=Q+av—u’+ g(t,z) (6.43a)
o =Q + v — (u+v)Q* +v*u* + h(t,z) (6.43Db)
Q=1 (6.43¢)

Evidently, f = —(Q + v) is the v-component of the physical flux vector

Fv,Q) = = : (6.44)

Note that F' has the same structure as (u,v)?. Borrowing from the presentation for
the GBSSN system, we write the analogous semidiscrete scheme on each subdomain

D¥ for the model system:

ou=Q +av—u’+g(t) (6.45a)
bk
v =DQ + Dv — (u+v)Q* +v*u® + h(t) + M " (f, — ) g (6.45b)
bk
Q = Du+ M 7" (u* — up) g (6.45¢)

Here, we have suppressed the subinterval label k& from all variables except for the
vector £° of Lagrange polynomial values. Moreover, following the guidelines discussed

above, the numerical fluxes are given by

Pt T ], v =l swl), (646)
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Next we will analyze the stability of our scheme, for a more general numerical flux

choice, as applied to (6.41) with the nonlinear and source terms dropped.

6.3.5 Stability of the Model System

The following stability analysis for the model system (6.41) has been inspired by

(226, 227]. After dropping all nonlinear source terms, the system (6.41) becomes

du = u'+ av (6.47a)

o =1u"+1". (6.47b)

This section analyzes the stability of (6.47), considering both the continuum system
itself as well as its semi-discrete dG approximation. The latter analysis offers some
insight into the empirically observed stability of our dG scheme for the spherically
reduced GBSSN equations. For the nonlinear systems (6.3) and (6.41), we do not
attempt a formal stability proof. Nevertheless, the results of this proof have served as
a guide for our choices of penalty parameters (i.e. numerical flux). Chapter 3 offers
an extended discussion of stability, and Sec. 3.1.1 introduces much of the notation

used here. Integration measures are suppressed throughout.

Analysis for a Single Interval

For the continuum model we will establish the following estimate:

1/ (T, )l + allo(T;)llp < C(T) (1w (0,)5 + allv(0,)]3) (6.48)
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where the time-dependent constant C'(T") is determined solely by the choice of bound-
ary conditions. To show (6.48), we first change variables with 0 = \/av, thereby

rewriting (6.47) in the following symmetric form:

Ou = u' + /ab (6.49a)

O = vau" + 1. (6.49D)

Equations (6.49a,b) then imply

1c‘),f/D(u’)Q:/Du’(u”+\/_ /\/_u’v’+ /8D( u')? (6.50a)
—(’)t/D(ﬁ) / o(vau" + ') = /\/_u / (0% + 2v/au't).  (6.50D)

Here 00" and w'u” have been expressed as exact derivatives and then integrated to
boundary terms, the second equation employs an extra integration by parts, and with
only one space dimension |, op denotes a difference of endpoint evaluations. Addition

of Egs. (6.50a,b) gives

) /D [0 4+ ()] = 5 /a [ (0 2y (6.51)

and replacements to recover the original variable v = 0//a yield

%&/D [av® + (v)?] = ! —|—4\/5 8D(\/Ev +u')? + 1= va (\/_v —u)% (6.53)
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From (6.53) we deduce that the time-dependent constant C(T") in (6.48) must satisfy

T 1ltva av 4+ u)? + 12 av — u')?
fo [ 2 faD(\/_ +u')? + = fBD(\/— )]dt < C(T). (6.54)

1+ <
[ (0, )[I* + allv(0, )]

For periodic boundary conditions, we may choose C'(T) = 1. Moreover, if a > 1 and

u = —+/av is specified at DT, then ||u/(¢,-)||* + a||lv(t,-)||* decays.

Still working on a single interval (subdomain), we now consider the semi-discrete
scheme for (6.49), i. e. (6.45) with all nonlinear source terms dropped, and with v
replaced by ©/+/a. Derivation of a formula analogous to (6.53) is our first step toward
establishing L, stability of the semi-discrete scheme. While (6.45) features vectors,
for example wu(t), taking values at the Legendre-Gauss-Lobatto nodal points, here
we work with the numerical solution as a polynomial, for example wuy(t,z). These
two representations are related by the Lagrange interpolating polynomials for the
nodal set, here taken to span both the space of test functions and the space of basis

functions. Our scheme is

[ vt = [ w@u+ van) (6.550)
Dk Dk
[ o, = - /D E(aQu o)+ [ 6@+ (6.55h)

oDk
/ thz/ W;Hr/ @ (u" —up), (6.55¢)
DF Dk oDk

where 1, £, and ¢ are polynomial test functions. These test functions are arbitrary,
except that they must be degree-IN polynomials. In (6.55) the variables uy, 5, and
Q5 should also carry a superscript k, but we have suppressed this. Derivation of
a formula analogous to (6.53) is complicated by the fact that @) is not evolved.

Nevertheless, at a given instant ¢ we can assemble @}, from (6.55¢).
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Mimicking the calculation (6.50b) from the continuum case, we first use (6.55b)

with & = 0y, to write

_at/Dkvh_ /(\/_Qh+vhvh / (VaQ" + %)y,

(6.56)
\/_thh / [2(vaQ* + 0*)b), — 07].
The right-hand side of (6.50a) is analogous to
1 2
5@ Qh = QhatQh. (657)
DF Dk

However, since @), is not evolved, the term 0,();, must be given a suitable interpre-
tation. On the right hand side of (6.55¢) only uy, uj, and u* necessarily depend
on time, since the test function ¢ need not be time-dependent. Furthermore, u* is
explicitly given as a linear combination of uy, as seen in Eq. (6.66¢) below. Choosing
¢ = {;, taking the time derivative of (6.55c), and appealing to the commutivity of

mixed partial derivatives, we therefore arrive at

Goon = [ 00y + / 0, ((O)* — Dyun). (6.58)
Dk Dk oDk

where (J;u)* depends on O,uy, in precisely the same way that u* depends on wuy,. We
have written ¢; rather than ¢ in the last equation to emphasize that the result also
holds for any linear combination of ¢; (for example ¢), and even for time-dependent

combinations. Since @)y, is itself such a combination, we obtain

1
iat /Dk Qi = /Dk Qn(Owup) + /8Dk ((&su)* - atuh)Qh
— [ @@+ van)+ [ (@ - ou)Qs (6.59)
Dk oD¥

B / VaQpty, + %/ 2((Dpu)* — Dyun)Qn + Q)
Dk oDk
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Addition of (6.56) and (6.59) gives

300 [ (@b =5 [ 1Qh =0+ 20/aQ + )in + 2(0) = 0n)Qs).

oDk
(6.60)

the aforementioned analog of (6.53). This formula holds on a single subdomain D*,

and we now combine multiple copies of it, one for each value of k.

Analysis for Multiple Intervals

To facilitate combination of (6.60) over all k, we change notation. At every sub-
domain interface 1¥t1/2 = 9DF N 9D*+!, let the superscripts L and R denote field
values respectively taken from the left and right. Then the fields evaluated at 1¥t1/2
which belong to D* will be u£+1/2, @Iirl/?’ and Q£+1/2= while those belonging to D*+!
will be ukRH/z, ﬁ,irl/Q, and Q§+1/2‘ However, at 1¥=1/2 the values taken from D¥ are
ukR_l /2 @f_l /2 and Qg_l /2 Note that we have also replaced the subscript h, denoting
a numerical solution, with k 4 1/2, denoting the location of the endpoint value of

the numerical solution. With this notation, we define

AL = [(Q0)? = (05 + (VaQ, +0%) ox + [(Qua)” — druf] Q. (6.61)

DN | —

and similarly for Af. The same numerical fluxes appear in both AZ and A% (i.e. each
numerical flux takes the same value on either side of an interface), whence fluxes like

Q% do not carry an L or R superscript. In terms of these definitions (6.60) becomes

1 .
5825 /Dk(QIQz +0p) = A£+1/2 - AkR*1/2' (6.62)
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Summation over all D* yields

K— 1

—at Z/ (@7 +07) k+1/2 k+1/2) + AK+1/2 A1/2
k=1
K-1
- (Aﬁ - Ag) ‘|k+1/2 + A%{-&-l/? - Afz/Q- (6-63)
k=1

We have reverted to h-notation denoting the numerical solution, since the L, R su-

perscripts indicate unambiguously the relevant domain used for evaluation at 1*+1/2,

We again seek an estimate of the form

K

K
> (1T ) 3w + allon(T,)Be) < CT) Y (1Qn(0: ) I3e + allon(0,)l[B)
k=1

k=1

(6.64)

that is essentially the same as the one (6.48) considered in the continuum case.

Assume that the chosen boundary conditions ensure AZ Afim is bounded by a

K+1/2
time-dependent constant which does not depend on the numerical parameters N and
h (subdomain width). Establishment of stability then amounts to showing that the
remaining sum over interface terms in (6.63) is non-positive; whence this remaining
sum is consistent with C(7') < 1, although the boundary conditions may give rise
to a different bound. In fact, we will choose the numerical fluxes such that each

individual interface term is non-positive. At interface 1**1/2 and in L, R notation,

the jump and average of v, for example, are

. . . . .
(U+ +v ) ={on}t =5 (UI£+1/2 + Ul]j—i-l/Q) (6.65a)

N}

~

00" +ntot = [[on]], = 010 — 00 (6.65b)
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Consider numerical fluxes of the form

Q" ={Qn}} - %Q [Qn]], (6.66a)
0 = (o) - 5 [o]], (6.66b)
ut = fun}} = 2 [w],, (6.66¢)
(O)" = {{Oun}} — 5 (O], (6.66d)

where (6.66¢) induces (6.66d) and where the penalty parameters 7,, 7,, and 7¢ are
real numbers. The fluxes defined in (6.46) correspond to 7, = 1, 7, = 1 4+ y/a, and

7o = 0. In terms of these quantities the kth interface contribution in (6.63) is

(AF = AN = 5 ([QF]), — [T,) + (on [on]], — 5 [on]]

- 0,], o], — Qi3 [0, - Z o], [@4].

N | —

+va{{@Qn}}H[0n]],

where we have suppressed the k dependence of the right-hand side. Now consider
the term [[@uhﬂn. Because Oyuy, and Qy, + v/aty, are both polynomials of degree N,
Eq. (6.55a) implies the vector equation dyu = Q++/av, that is pointwise equivalence
on the nodal points of D¥, which in turn implies [[8tuhﬂn = [[Qh + \/E@hﬂn. Upon
substituting this identity into the last equation, we arrive at an expression which

features only vy, and Q,

(Af = Ao = 5 ([T~ [5],) + EenB (0], — 5[]

1
2
+vat@ [l - Y52 (@], [0], (069
- {Qup [Qn+ Vain]l, = S [[Qn+ Vain], [Qu]].

The identities {o}}H[on]],, = 3[[83]], and [[Qn + Vaiu]l, = [[@n]], + va[[a]],
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then simplify (6.68) to

(A = ADlyerss = =2 0] - YU 0] ], - Z ]2 669)

The role of a penalty parameter is now clear. Positive values of 7, penalize jumps in vy,
through a negative contribution to the energy. Likewise, positive values of 7,, penalize
jumps in @), through a negative contribution to the energy. However, because the
sign of [[Qhﬂ . [['&hﬂ . can be positive or negative, only the choice 7 = —7, yields an
expression for (AY — AR)|i41/2 which is manifestly negative for 7, > 0 and 7, > 0.
A simple estimate based on Young’s inequality with ¢ (that is, 2a8 < e~ 'a? + /2,
where a, f > 0 and € > 0) shows that for 7o = 0 the choice 7, > ar,/4 also yields

stability. Numerical verification of (6.69) is provided in Sec. 6.4.2.

For the GBSSN system (6.3), u, v, and @ are block indices [cf. Eq. (6.5)]. Similar
to the model problem, we have penalized () with 7, = 1, with 7, chosen large enough
to heuristically overcome the cross-terms of indefinite size that arise from 7o = 0 (we
interpret equations like 7, = 1 componentwise). An analogous choice “7g = —7,” for
the GBSSN system might be possible, but would be considerably more complicated.
Indeed, such a choice likely entails a matriz of penalty parameters, but we do not

give the details here.

6.4 Results from Numerical Simulations

This section presents results found by numerically solving both the model system

(6.41) and GBSSN system (6.3) with the dG scheme presented in the previous section.
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t

Figure 6.1: SPECTRAL CONVERGENCE OF FIELDS FOR MODEL PDE. Respectively, for N =
3,6,9,12, a timestep of At = 0.0578,0.0178,0.0084,0.0049 has been chosen for stability and accu-
racy. In the title headings, for example, Au = Upumer — Uexact -
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6.4.1 Simulations of the Model System

The semi-discrete scheme (6.45) has been integrated with the classical fourth-order
Runge-Kutta method. When integrating this system, we have first constructed @ at
each Runge-Kutta stage, and then substituted into the evolution equations (6.45a,b)
for u and v. The problem has been solved on a computational domain [0, 47| com-
prised of two subdomains with a timestep chosen small enough for stability. The

initial data has been taken from the following exact solution to (6.41):

1
ul et 5[ (x — pt) —sin(z — p't)] (6.70a)
1
Vexact (, ) = NG [sin(z — p7t) + sin(z — ptt)] (6.70b)
g(t7 l’) = ugxact (670C>
h’(ta ‘T) = (uCX&Ct + UOX&Ct)(ugxact)2 - szactuzxacw (670d)

where the speeds p® are found in (6.42). Specification of the boundary condition at
a physical endpoint amounts to choosing the external state at that point. We have
considered two possibilities: (i) the analytic state (Q7,v") = (Qexact, Vexact) and (ii)

an upwind state. For example, at z = 47 the upwind state is®

QJF - Qupwind - [(Xi)exact - (XJr)numer]a

N | —

1 (6.71)
= nd = —— [(X™ Xt .
v Uupwmd 9 \/E [( )exact + ( )numer}
Either choice of (QT,v") leads to similar results, and the plots here correspond to
the analytic state. Figure 6.1 clearly shows spectral convergence with increasing

polynomial order N across all fields for the case a = 2. Other values of a, including

a = 1 for which X is a static characteristic field, have also been considered with

8We remind the reader that, unfortunately, the + on X* means something different than the +
indicating exterior/interior dG states [cf. footnote 7].
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Figure 6.2: SCALING OF MAXIMUM STABLE At WITH N FOR MODEL PDE.

similar results.

Section 6.3.5 demonstrates that our proposed scheme for the system (6.45) with
nonlinear and source terms dropped is stable in a semi-discrete sense. Nevertheless,
the fully discrete scheme, obtained via temporal discretization by the fourth-order
Runge-Kutta method, is still subject to the standard absolute stability requirement.
Namely, if p;, is any eigenvalue corresponding to the (linearized) discrete spatial
operator, then a necessary condition for stability is that u, At lies in absolute stability
region for Runge-Kutta 4. Here, we empirically show that the associated timestep
restriction scales like N72, i.e. At = O(N~?) for stability. We note that such scaling
is welcome in light of the second-order spatial operators which appear in the system,
and suggest a possible worse scaling like N~*. Fig. 6.2 plots the maximum stable
timestep for a range of N, demonstrating the N~2 scaling, in line with behavior

known from analysis of first-order systems [121]. This scaling also holds for the
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Figure 6.3: STABLE EVOLUTIONS FOR THE MODEL SYSTEM. For fixed 7, = 107% and 7, = 142
respectively, the left and right plots depict stable choices (determined empirically) of 7,, and ¢ for
the linear model system (6.47). The stable regions are colored black, but the jagged edges result
from the discretization of the (7, 7q)-plane.

GBSSN system.

6.4.2 Semi—Discrete Stability of Model PDE

We now verify the theoretical stability result (6.69) given in Sec. 6.3.5. Figure 6.3
depicts certain choices of stable penalty parameters for the linear model system
evolved to tgna = 1000 (with a = 2, N = 10, and At ~ 0.0553), as determined
empirically with simulations similar to those described in Sec. 6.4.1. The left plot
corresponds to a small 7, = 1079, for which the choice 7, = 1, 79 = 0 is not stable,
as expected from the theoretical analysis. However, the right plot corresponds to
7, = 1 4+ +/a, for which 7, = 1, 7o = 0 is stable. Motivated by the numerical flux
choices (6.34,6.37) used for the GBSSN system (6.3), we have (as mentioned above)
set 7, = 1, 7, = 1 + /a, and 7¢ = 0 in simulations of the nonlinear model (6.41).
For the nonlinear model system (6.41), the theoretically motivated choice 79 = —7,

also yields numerically stable evolutions when 7, > 0 and 7, > 0.
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6.4.3 Simulations of the GBSSN System

This subsection documents results for simulations of the unit-mass-parameter (M =
1) Schwarzschild solution (6.2.4) expressed in terms of ingoing Kerr-Schild coordi-
nates. Since the solution is stationary, temporal integration of the semi-discrete
scheme has been carried out with the forward Euler method which the dissipa-
tion in our method allows. The r-coordinate domain [0.4,3.4] has been split into
three equally spaced subdomains, and we have set n = 10, A = 0.1, and C' = 2
[cf. Eq. (6.36)]. For all simulations At has been chosen for stability. With the chosen
A, the inner physical boundary r,;, = 0.4 is an excision surface. At each timestep we
have applied an (order 2s = 20) exponential filter on the top two-thirds of the modal
coefficient set for all fields except for g, and ggg. For stability, we have empirically
observed that g.. and ggg must not be filtered. A detailed understanding of this is

still lacking.

Issues related to physical boundary conditions are similar to the one encoun-
tered in Sec. 6.4.1 for the model problem. Similar to before, we have retained
Eqgs. (6.34,6.37) as the choice of numerical flux even at the endpoints. Therefore, at
an endpoint the specification of the boundary condition amounts to the choice W+
of external state. We have typically chosen the inner boundary of the radial domain
as an excision boundary, and in this case W = W~ is enforced at the inner physical
boundary. At the outer physical boundary, for W+ we have again considered two
choices: (1) Wexact and (ii) Wiypwina. To enforce choice (ii) the inverse transformation
(6.16) must be used with incoming characteristic fields fixed to their exact values,
similar to (6.71). We have tried various versions of choice (ii), and in all cases the
resulting simulations have been unstable. We therefore present results correspond-

ing to choice (i). Although the choice of an analytical external state Wegact at the
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Figure 6.4: SPECTRAL CONVERGENCE OF CONSTRAINT VIOLATIONS FOR M = 1 KERR-SCHILD
INITIAL DATA. Respectively, for N = 11,14,17,19, a timestep of At ~ 0.0041,0.0026, 0.0018,0.0013
has been chosen for stability and accuracy.

outer boundary is stable for our problem, such a boundary condition is unlikely to
generalize to more complicated scenarios involving dynamical fields. Indeed, the
issue of outer boundary conditions for the (G)BSSN system is an active area of re-

search, with a proper treatment requiring fixation of incoming radiation, control of

the constraints, and specification of gauge (see Ref. [171] for a recent analysis).

For GBSSN simulations, our main diagnostic is to monitor the Hamiltonian, mo-
mentum, and conformal connection constraints. Figure 6.4 depicts long-time histo-
ries of constraint violations, whereas Figs. 6.5 and 6.6 depict long-time error histories

for the individual GBSSN field components. From the middle plot in Fig. 6.6, we in-
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Figure 6.5: SPECTRAL CONVERGENCE OF SOLUTION FOR M = 1 KERR-SCHILD INITIAL DATA.
Timestep choices are described in the caption for Fig. 6.4. In the title headings, for example,

AA’I‘T = (Arr)numer - (Arr)exact'
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Figure 6.6: SPECTRAL CONVERGENCE OF SOLUTION VIOLATIONS FOR M = 1 KERR-SCHILD
INITIAL DATA. See the caption of Fig. 6.5 for details.
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fer that, up to the indicated numerical error, the factor g/sin® €6 = g,.(ggs)? remains
at its initial fixed profile r* throughout the evolution. These figures indicate that
the proposed scheme is stable for long times, and exhibits spectral converge with
increased polynomial order N. Similar results are recovered from M = 0 Minkowski
initial data. The stability documented in these plots does not appear to rely on inor-
dinate parameter tuning. For example, with the fixed parameters described above,
we obtain similar plots if we individually vary (i) rmm over {0.325,0.35,0.4,0.475}
(values still corresponding to an excision surface for the given choice of \), (ii) 5
over {1,3,7,10}, (iii) s over {8,9,10}. With the polynomial order N ranging over
{23,26,29,31}, both stability and qualitatively similar exponential convergence is
achieved with a single subdomain. Likewise, adoption of a larger coordinate domain
with more subdomains does not significantly impact our results. However, for much
larger r,., stability requires a smaller time step or a time stepper better suited for
wave problems (e.g. Runge Kutta 4). Finally, we have considered the addition of
random noise to all field components at the initial time. Precisely, with the system

component y as an example, we have set

x(0) = x(0) + ox(0), (6.72)

where each component (nodal value) of §x(0) is 10° times a random variable drawn
from a standard normal distribution. Such perturbed initial data also gives rise to

stable evolutions.



CHAPTER SEVEN

Reduced Basis Methods and

Parameterized Problems
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This dissertation should provide the groundwork for exploring genuinely new oppor-
tunities dG methods offer. Here we consider reduced basis methods as an efficient
means of dealing with the high—dimensional parameterized problems ubiquitous in
binary simulations. This chapter should be viewed as a preliminary report, and
as such it will combine both work we have carried out as well as speculation and

discussion.

Matched filtering, the main tool used in gravitational wave searches, requires
a (typically large) catalog of waveform templates to search over. In section 7.1
we motivate the large catalog problem as the main hurdle we hope to overcome,
discussing the standard catalog construction technique and suggest reduced basis
methods as a novel approach to the problem. We introduce a reduced basis approach
for post-Newtonian (PN) waveforms in section 7.2 and construct catalogs which
are orders of magnitude smaller than those produced by standard methods. In this
setting the waveforms are analytically given, yet the greedy algorithm and functional
space framework transfers to a dG scheme. Section 7.3 begins with discussion on
how to adapt the algorithm of sec. 7.2 to a dG scheme for time—dependent problems.
We report on preliminary work towards this goal and highlight the challenges as well
as potential benefits. We conclude with numerical evidence for the existence of a

compact reduced basis space for an EMRB problem considered.
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7.1 Gravitational Wave Searches and Catalogs

7.1.1 Generic Bottlenecks of High Dimensional Systems

Astrophysical binary systems constitute a parameterized problem. Most of the rel-
evant parameters have been introduced in previous chapters: orbital eccentricity,
orbital semi-latus rectum, and masses of the compact objects. For a continuous
range of parameters let H be the space of all waveforms generated by a binary sys-
tem, where any plausible model® could be used to generate these waveforms. From
H we select a discrete number of waveform templates h (or equivalently parameter
points) to populate a catalog C. The catalog must be a robust approximation to H

for successful gravitational wave searches using matched filtering.

Matched filtering is employed to extract weak signals buried in detector noise,
but assumes we have a priori knowledge of the signal’s shape. A known gravita-
tional waveform template h € C' is correlated with the detector’s data s through the

matched filtering statistic

< h,s >yp= 4Re/ ( ) (f>df, (71)

fr n( )

where h normalized, f is the frequency, s is the complex conjugate of s, and S,,(f) is
the power spectral density (PSD) of the detector’s expected noise [76]. Initial LIGO
[1], advanced LIGO [4], and advanced Virgo [190] are three PSDs considered in
this chapter. A “detection” occurs when < h, s >,/ is greater than some threshold

value, although in realistic searches this is just one of many triggers [9]. The minimal

!These might be post-Newtonian waveforms, effective one body waveforms, phenomenological
waveforms, solutions to Einstein’s equation, or even an alternative theory of gravity. The point
being that whatever mechanism we choose to map parameters to waveforms will result in some
space H that is presently under consideration.
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match measures the closeness of a catalog C' with respect to the continuum H

MM =minmax < h,s >yr < 1, (7.2)
s€M heC

where we assume normalized waveforms < h,h >,;r= 1, and robust catalogs will

typically have MM > .97.

Current techniques for generating a catalog result in tens or hundreds of thou-
sands of templates to achieve a MM > .97 when the relevant parameters are the
binary’s masses m; and ms [17]. Furthermore, the number of templates needed grows
rapidly with the dimension P of the parameter space (as (1 — MM)~"/2 [173]). In
addition to the burden of computing thousands of templates (when solving PDEs),
once a catalog is constructed, there is a significant computational cost in performing
an actual search (i.e. matched filtering integrations) for gravitational waves due to
the size of the catalog. This could adversely affect the physics one performs, for
example, real-time analysis of the data is critical to generate alerts to search for

electromagnetic counterparts and enable multimessenger astronomy [135, 50].

The template metric approach [173, 17] is currently used by LIGO for template
placement [17]. The following example highlights how the algorithm works. Suppose
we model gravitational waves by a restricted post-Newtonian waveform at 2nd order.
The parameter space is two-dimensional, the binary’s masses m; and ms, and the

inspiral gravitational waveform is [9],

128n 756 9
15293365 27145 3085
—167v72 + ( + + 772> v_l]) )

508032 504 T 72
GM 1/3
o= (%)

3

h(f) = Af~"Pexp (—iﬂ/4 b {ﬁ n (3715 . @77) -

(7.3)
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Figure 7.1: The points show the parameter values chosen by the template metric method for the
catalog of BNS and Initial LIGO. The density of parameter values is shown using a coloramp as
well as histograms. The algorithm selects templates from outside of the parameter range to cover
signals near the boundary.

Here A depends on the distance and orientation of the source and we have defined
the total mass M = m; + my and symmetric mass ratio n = mymy/M?. A Taylor
expansion of (7.3) in n and M is carried out and in each local region of param-
eter space we ensure MM > .97 by plugging Taylor expansions of infinitesimally
separated waveforms into the matched filtering inner product (7.1). The algorithm
outputs a set of selected parameter values such that the resulting catalog’s minimal
match is above a set threshold, the details are found in Ref. [17]. For binary neutron
star (BNS) inspirals, with which we always assume mass components in the range
[1-3] M), Fig. 7.1 shows the chosen parameter values in the chirp mass vs. symmetric

mass ratio plane and a density plot of the number of templates, where the chirp mass

is M, =n3°M.
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7.1.2 A Reduced Basis to the Rescue

The RB framework [186] constructs a global basis rather than using local methods
and can be seen as an application-specific spectral expansion. In such an approach
one seeks to enable a rapid online evaluation of the reduced model at the expense of
having to build the basis prior to the application. It has the following advantageous
features over standard model reduction techniques such as Singular Value Decom-
position (SVD) (see [185] for a general review of these methods and [118, 59] for

applications to GWs, see also [30]):

1. Tt is applicable to situations in which one must choose the most relevant pa-
rameters on the fly.

2. It yields nested, hierarchically constructed catalogs® which can be easily ex-
tended. If Cy = {hy,...,hy} is a catalog from the RB method then adding
additional waveforms for higher accuracy implies that the resulting catalogs
contain the previous ones, Cy C Cnyy1 C Cyyo---.

3. It is computationally efficient. The cost of adding a new member to an existing
catalog of size N is independent of N. Hence, the total cost of generating a
catalog of size N scales linearly with /V, in contrast to many other approaches.

4. Tt yields catalogs that are nearly optimal in terms of the error in approximating
the whole spectrum of GWs by a compact set of basis elements. Furthermore,

this error ensures a strict upper bound over the entire parameter space.

2The term catalog has a slightly different meaning in the context of reduced basis and template
metric methods. In both settings, the elements of a catalog are used for matched filtering integrals.
In the template metric approach the members of a catalog are the waveforms and the matched
filtering integral has physical meaning. For a reduced basis approach the members of a catalog are
basis functions of the reduced basis space W = span(Cy ), thus only specific linear combinations
of the basis functions correspond to physical waveforms. The distinction should become clear
throughout the Chapter.
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To introduce the RBM we consider two cases. First, we work with analytic
waveforms given by the PN approximation (7.3) and compare with existing results.
There are no equations to solve, and our task is the construction of a compact
linear reduced basis space which accurately approximates H and is of low dimension?®.
We must decide how to build this space and relatedly how to select points in the
parameter space which are optimal in a suitable sense. Our approach has immediate
consequences for searches, and in fact we demonstrate improvement over the standard
template metric approach. Second, we consider gravitational waveforms as solutions

to a PDE, and discuss approaches to accelerate a dG scheme when faced with a

parameterized PDE.

7.2 A Reduced Basis Method for PN Waveforms

7.2.1 Theoretical Description

Suppose our frequency dependent gravitational wave template is a function of the P
parameters [ = {{,...,up} associated with the source. We denote each of them
simply by h; and do not explicitly write the time or frequency dependence. Although
‘H is a not a linear space, we show that it can be represented by a linear reduced

basis space with arbitrarily high accuracy.

We are interested in approximating H by the best linear combinations of members
WU, = hj—p, of a catalog Cy = {U,;}¥,. All such linear combinations form the reduced
basis space Wy = span (Cy). The waveforms that make up this catalog could be

optimally chosen so that the error in representing H with Wy is minimized over the

3The dimension is simply the number of basis functions in Cy.
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choice of N catalog members. Such an optimal error is given by the Kolmogorov
N-width [170],

dy(H) = minmax min |ju — hgl|. (7.4)

CN Hn UEWN

That is, one computes the error in the best approximation of h; by a member
of Wy, then finds the parameter fi yielding the largest error, and lastly finds the
smallest such error for all possible N-member catalogs. Here, the norm in Eq. (7.4)
is calculated from the weighted complex inner product (-, -), which is related to the
matched filtering integral by 4R[(-,-)], such that for two waveforms F and G in

Fourier space,

v
(F,G) = /f FGU) g (7.5)

Finding a catalog that exactly achieves the N-width is a computationally de-
manding optimization problem. Instead, we use a greedy approach, which is an in-
expensive and practical procedure for hierarchically generating catalogs that nearly

satisfy the N-width [30].

One constructs a catalog by first choosing a waveform for an arbitrary parameter
value. A basis vector e; is then identified with this waveform, e; = hj,, and the
catalog is C; = {¥1 = hy, }. To add another waveform to the catalog, one seeks the
parameter value jiy that maximizes ||hz — Pi(hz)|| where Pi(hz) = ei(e1, hz) is the
(orthogonal) projection of hj; onto W;. We call this step a greedy sweep. The wave-
form corresponding to fis is added to the catalog so that Cy = {W;, ¥y}. The new

basis vector e is then constructed via Gram-Schmidt orthonormalization. Notice

that C7 C (5, which demonstrates the hierarchical nature of the catalogs generated.
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Additional members of the reduced basis catalog are generated by mathematical

induction.

It can be shown [30] that if the decay of the N-width with N can be bounded by
an exponential,

dy(H) < Ae™eN® (7.6)

then the decay of the maximum error for a catalog Cy generated by this approach,

which we call the greedy error ey, is also exponential,
en = max ||h; — Py (hy)|| < Ae= ™" (7.7)
[
where Py (hz) = ZN (€i, hg)e;. Note that ey is a bound on the error between a

i=1

waveform and its representation, and that

% = max (1 = Rl Py (b)) (7.9
so that €% is an error comparable to (1 — M M). Given that GWs appear to depend
smoothly on the parameters (i, we expect dy(H), and hence the greedy error ey, to
decay rapidly (in fact exponentially) with N, which is a key feature of this method.
Notice that (7.7) implies that any waveform can be represented as hz = Pn(hz)+0h;z
where [[0h;|| < en. Therefore, if ey is of the order of numerical round-off then, in
practice, the projection of h; onto Wy equals the waveform itself. In addition,
the number of RBs needed to represent any hj is comparatively small (see below).
In any greedy approach, the maximum over i is searched for, in practice, using a
training space = of samples ji. However, since this is done as part of the offline

process, the training space can be finely sampled and one can take advantage of
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the observation that evaluations for different parameters values are decoupled and,

hence, embarrassingly parallel. Algorithm (1) highlights the essential steps.

Algorithm 1 Greedy algorithm for building a reduced basis space

e e e e e
SUEE A

Input: training space = and waveforms sampled at training space Hz
Randomly select some ji; € =

Cr= {hﬁ1}
N =1
e=1 > We use normalized waveforms

while ¢ > Tolerance do
for ji € = do
Compute Err(fi) = ||hz — Py (hg)||
end for
Choose  [iy41 = arg max;ez Err(i)
CN+1 = ihﬂl’ R hﬂN’ hﬂN+1}
e = Brr(fins1)
N=N+1

: end while
PEN =€
: Output: Greedy error ey, Cly, representations Py (h;) € Wx = span (Cy)

If one attempted a matched filter search with a RB catalog Cy by filtering each

basis function against the data and maximizing over arbitrary linear combinations of

these filter outputs, one would of course get a very high false alarm rate. Instead, it is

important to allow only linear combinations that correspond to physical waveforms.

In fact, the coefficients of these combinations, (e;, h,.), are directly provided by the

J

greedy algorithm. In this way, the RB can compute the overlap between the data

and every member of the training space with many fewer inner product integrals and

no increase in the false alarm rate.
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Figure 7.2: Error in approximating the space of waveforms by a discrete catalog for BNS inspirals
with Initial LIGO. For reduced basis, the overlap error is the square of the greedy error (7.7) while
for metric placement the error is (1 — M M) with MM the minimal match. The lower panel shows
the extrapolation of the maximum number of RBs generated for an infinitely large training space.
The fit shown (red) excludes the two points with largest =, which change the asymptotic value by
0.2.
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7.2.2 Results for PN Waveforms

We discuss our results for constructing reduced bases for “chirp” gravitational wave-
forms for binary inspirals without spins [32, 231]. We use the 2nd order post-

Newtonian waveforms (7.3) normalized to satisfy (h,h) = 1.

Fig. 7.2 shows results for the greedy error using a reduced basis model for inspirals
of BNS (for Initial LIGO with a lower frequency cutoff at f;, = 40 Hz) compared
with the standard metric template placement method [173]. After a slowly decaying
region, the reduced basis model gives very fast exponential convergence decay, which
can be fitted by €% = ae ®" with a = 9.65 x 107%, b = 0.598, p = 1.25. The
metric method yields approximately linear decay for a two-dimensional parameter
space. As already mentioned, this decay becomes slower as the dimensionality P
of the parameter space increases. The fast decay of the reduced basis model allows
a representation of the whole set of gravitational waves for these sources and mass
ranges to within machine precision. We have found the same feature in all mass
ranges that we have explored. This leads to the rather remarkable finding that for all
practical purposes the set of relevant gravitational waveforms in compact parameter
regions appears to be finite dimensional. When increasing the number of samples
x in the training set we find the following fit for the number of RB for machine
precision error, N = a 4 bz~ 1?4+ ca~! with a = 921,b = —2090, ¢ = —9.18 x 10° for
the case of Fig. 7.2. In particular, in the limit x — oo only 921 bases are needed to
represent, within numerical accuracy, the full space of waveforms H for this range of

masses for BNS inspirals.

Fig. 7.3 shows the chosen parameter values in the chirp mass vs. symmetric mass
ratio plane and a density plot of the number of RBs. The histograms highlight that

most values are picked for (nearly) equal mass systems of low chirp mass, which
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Figure 7.3: The points show the parameter values chosen for the catalog of BNS and Initial LIGO.
The density of parameter values is shown using a colormap as well as histograms.
is qualitatively different from the values picked by the template metric algorithm

shown in Fig. 7.1.

Tab. 7.1 shows the number of RB that we need to represent inspirals of BNS and
stellar size binary black holes (BBH) with mass components in the range [3-30]M,.
The limit * — oo is not taken here for simplicity so the RB values listed in Tab. 7.1

are slightly underestimated.
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Detoctor Overlap BBH BNS
Error RB [ TM RB | TM
10~2 165 2,450 898 10,028
InitLIGO 107° 170 1.2 x 108 904 4.3 x 108
2.5 x 10713 182 | 5.9 x 102 | 917 | 1.4 x 103
102 1,058 19, 336 9,395 72,790
AdvLIGO 107° 1,687 | 1.5 x 107 | 8,958 | 4.9 x 107
2.5 x 1071 | 1,700 | 2.3 x 10 | 8,976 | 5.6 x 10
1072 1,395 42,496 7,482 | 156,127
AdvVirgo 107° 1,690 | 3.1 x 107 | 8,960 | 8.3 x 107
2.5 x 1071 | 1,703 | 4.8 x 10 | 8,977 | 6.0 x 10*

Table 7.1: Number of reduced bases/templates for different target accuracies with the reduced
basis (RB) and template metric (TM) approaches for binary neutron stars (BNS) and binary black
holes (BBH), using spin-less chirp waveforms. We assume a lower frequency cutoff of 40 Hz for
Initial LIGO and 10 Hz for Advanced LIGO and Virgo. The overlap error is given by % for RB
and (1 — M M) for TM.

7.3 Preliminary Look at RBM for RWZ Equations

Gravitational waveforms (7.3) considered in Sec. 7.2 were given as the Fourier trans-
form of a time series recorded at some a fixed spatial location. Let us now consider
solutions to a dG scheme at a fixed time t. Recall (see Sec. 3.3.2) that our dG
scheme seeks a numerical solution W € V{, where V{{ is the space of degree N
polynomials defined on D¥. Let V4¢ = EBszl VX be the global solution space of the
dG solver, and thus a solution ¥, € V¢ at a fixed ¢ is given by a linear combina-
tion of basis element of V44, In this setting the reduced basis space we seek is a
carefully constructed subspace VEB C V4G such that at a fixed ¢ a reduced basis so-
lution WP € VEB can be quickly recovered. The trade off is a less accurate solution
| ¥ — W < ||¥ — WEB||, and for the method to be worthwhile the accuracy should

not be significantly reduced ||¥; — URB|| < ey.

Adapting the PN algorithm (1) to this scenario will require two new ingredients.
First, to build V®B we must be able to find an accurate error estimate for ||, —URE||.

By assumption WRE can be quickly found, but solving for ¥y, is an expensive process
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Figure 7.4: The magnitude of the singular value decomposition as a function of the rank of the
singular values, which corresponds to the number of templates one would use. The plot shows the
rapid exponential fall-off in the singular values.

to be avoided. Yet its precisely || URE — W, || which we evaluate in our greedy selection
algorithm for all parameters, and so we instead estimate [[¥RP — W, || with some
numerical residual that does not require W, [150, , ]. Second, after VEB has
been identified we solve for WEE simply by making the replacement V4¢ — VEB (in

both the test and basis space) in our dG solver. Recall a typical dG scheme (3.38):

find a U} € V{ such that
b o
/,dﬂ&@ﬁ—@ﬂ@ﬂv—[Q&Y—(&Mdﬂﬁzo vu e V. (7.9)
ak
Now let the RB-dG scheme be: find a UEB € VEB guch that

bk
/ mﬁmﬁR—Qﬂmﬁﬂw—H&@%Y—QMW%@Mﬁzo'Wevmg

k

(7.10)
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Perhaps here the parameter is \;, for the RWZ equations they explicitly appear on
the right hand side of Eq. (4.1).

Although formulating a RB method for say finite difference or finite volume
methods could be done, existing RB tools have been primarily developed for dG
and finite element solvers. For time—dependent problems the typical approach uses a
greedy—SVD strategy where the solution’s time history is compressed with an SVD
and the aim is to find a RB space which minimizes spacial degrees of freedom in the
scheme [34]. For long—time problems, as in the case for EMRBs, what we really would
like is a spacetime reduced basis and developing a RB method in this setting could
prove useful. Nevertheless, for the time-dependent problem we envision RBMs are
still in their infancy, and applying this potentially powerful approach to gravitational

wave problems may require new ideas.

We concluded this chapter by providing numerical evidence of a reduced space,
indicating the potential utility of a RB-dG scheme. The power of a RB approach
requires that solutions for a continuous set of parameters live in a low dimensional
space. We have empirically demonstrated this for the analytic PN waveforms, but the
computationally intensive nature of a PDE solver may preclude a direct approach.
Instead we sample a sliver of the parameter space and then perform an SVD analysis
to judge the applicability of the RB technique. The rate at which the singular
values decay indicates the degree of linear dependence between solutions over a
range of parameters. Fig. 7.4 shows the results of an SVD of the dominate (¢ =
2,m = 2) waveform template space using the EMRB solver from chapter 4. The
orbital parameters are varied over a range of eccentricity e € [0,0.25] and semi-latus
rectum p € [7.0,9.2]. Since the number of templates needed corresponds to the
SVD magnitude rank, the exponential fall-off of the singular values implies that the

solution space can be spanned by significantly fewer templates, if carefully chosen.
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Our work has been motivated by the need for efficient computation of accurate gravi-
tational waves generated from compact binary systems. Throughout this dissertation
we have considered a nodal discontinuous Galerkin method for the GBSSN and RWZ
equations, two PDEs typically called upon for such computations. Like any scientific
undertaking, we confronted unexpected observations (e.g. Jost junk solutions) and
challenges (e.g. construction of a stable numerical flux for the discretized GBSSN
system) along the way. We also considered reduced basis methods as a new approach
for parameterized waveforms, both in the context of constructing matched filtering

catalogs as well as hybrid dG-RB schemes.

We now summarize the main contributions which have been made along with

potential future work:

e Extreme mass ratio binaries and the Regge-Wheller-Zerilli equation:
We have presented a high—order accurate dG method for computing gravita-
tional waveforms from EMRBs. Time-domain approaches for computing such
waveforms have been hampered by the presence of distributional source terms
(which include both a moving Dirac delta function and its derivative) in the
governing master equations. By writing a distributional master equation as a
first order system, we have treated the source term physically through an ap-
propriate modification to the numerical flux function. Our method maintains
spectral convergence without requiring additional procedures (e.g. filtering),
even pointwise in the immediate vicinity of the moving discontinuity. Through
the use of convolution radiation boundary conditions, we have read—off wave-
forms at outer boundaries, thereby reducing computational cost without spoil-
ing the high-order accuracy of our method. Accurate (read—off) waveforms,

often with a relative error of better than 107®, have been routinely observed
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in the course of our simulations. Although we have not computed self-force
corrected trajectories, we have demonstrated that our method allows very ac-

curate self-force computations to be carried out.

We believe that the central ideas of our approach might apply to many of these
more sophisticated models. In particular, we hope to use our method in tandem
with self-force corrections based on regularization of gauge-invariant quanti-
ties, at least for quasi—circular orbits. Finally, we remark on the applicability
of our dG method to perturbations of the Kerr metric. Now the relevant wave
equation, the forced Teukolsky equation, is inherently 241 dimensional in the
time—domain. In this case we would need to ensure that the particle always
lies on an edge between adjacent subdomains (in this case triangles). Clearly,
this is a geometrically different problem, but Fan et al [$8] have also considered

2+1 problems, and one might pursue the Kerr problem along similar lines.

Trivial initial data and Jost junk solutions: We have shown that impul-
sive starting conditions are inadequate for time-domain modeling of EMRBs.
Such conditions result in more dynamical junk, evident in self-force calcula-
tions, and potentially a static Jost junk solution which persists indefinitely.
Although each effect is small compared to the physical solution, such sys-
tematic errors will corrupt studies which require high accuracy. For example,
computation of waveforms accurate to second order in the mass ratio requires
reconstruction of the first order perturbations. Since these first order terms
act as sources for the wave equations describing the second order masterfunc-
tions, the presence of a Jost junk solution will affect second order waveforms.
When studying eccentric orbits, errors arising from the persistent junk solu-
tion appear to corrupt studies requiring even modest accuracy. Minimization
of dynamical and Jost junk by smoothing the source terms during start-up will

improve waveform templates and self-force techniques with minimal computa-
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tional and human effort.

GBSSN system with second order operators: We have introduced a dG
method for solving the spherically reduced GBSSN system with second-order
spatial operators. The key ingredient of a stable dG scheme is an appropriate
choice of numerical flux, and our particular choice has been motivated by the
analysis presented in Sec. 6.3.5. When used to evolve the Schwarzschild solu-
tion in Kerr-Schild coordinates, our numerical implementation of the GBSSN
system (6.3) is robustly stable and converges to the analytic solution expo-
nentially with increased polynomial order. By approximating the spatially
second-order form of the GBSSN system, we have not introduced extra fields
which are evolved. Evolved auxiliary fields result in new constraints which may
spoil stability. Our main goal has been stable evolution of the spherically re-
duced GBSSN system as a first step towards understanding how a dG method
might be applied to the full BSSN system. Towards that goal, we now discuss
treatment of singularities and generalization of the described dG method to

higher space dimension.

To deal with the fixed Schwarzschild singularity, we have used excision which is
easy in the context of the spherically reduced BSSN system. However, excision
for the binary black hole problem in full general relativity requires attention
to the technical challenge of horizon tracking. State-of-the-art BSSN codes
avoid such complication, relying instead on the moving-puncture technique.
While the moving-puncture technique does involve mild central singularities,
it may still prove amenable to spectral methods. Indeed, spectral methods for
non-smooth problems is well-developed in both theory and for complex appli-
cations. Since the moving-puncture technique can be performed in spherical
symmetry [412], a first-step toward a spectral moving-puncture code would be

to implement a moving puncture with the nodal dG method described here.
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Such an implementation may adopt Legendre-Gauss-Radau nodes on the in-
nermost subdomain, thereby ensuring that the physical singularity does not lie
on a nodal point (in much the same way finite difference codes use a staggered
grid). Beyond traditional excision and moving punctures, one might construct
smooth initial data via the turducken approach to singularities. However, in
combination with 1+log slicing and the Gamma-driver shift condition, tur-

duckened initial data will evolve towards a “trumpet” geometry [48, 17].

DG methods for hyperbolic problems in two and three space dimensions are
well-developed. A generalization of the method described here to three dimen-
sions and the full BSSN system would likely rely on an unstructured mesh. Ap-
propriate local polynomial expansions for the subdomains are well-understood,
as are choices for the numerical fluxes which would now live on two-dimensional
faces rather than single points. Whether or not it would ultimately prove suc-
cessful, generalization of our dG method to a higher dimension would rely
on an established conceptual framework. Further computational advances of
relevance to a generalization of our dG method to the full BSSN system (pos-
sibly including matter) may include mesh hp-adaptivity, local timestepping,
shock capturing and slope limiting techniques [121]. Moreover, recent work
[38] indicates that enhanced performance would be expected were our scheme

implemented on graphics processor units.

Reduced basis approach for parameterized problems: We have consid-
ered the development and use of a reduced basis method to template catalog
construction and found rapid exponential convergence of the waveform catalog
over the full parameter space. The catalog is computationally cheap to derive,
hierarchical (i.e. if a more accurate catalog is required, elements can be added),
can be extended for a computational cost that is independent of N, and one

can show it is robust under changes in a detector’s noise [92]. Currently, the
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computational and mathematical framework for generating a catalog entirely
from numerical waveforms is absent. Using a combined dG-RB approach could
allow for such catalogs, and we have pointed out some approaches and chal-
lenges towards this goal. Additionally, we have found that the space of PN
gravitational waveforms considered are essentially finite-dimensional for any
finite range of physical parameters. We conjecture that it is in general the case

and provide corroborating evidence from EMRB systems.
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APPENDIX ONE

Derivation of the GBSSN System
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A.1 Outline of Approach

The GBSSN system is relatively new, having been first derived in 2005 [41] by an
action principle, and presented in spherical symmetry for a vanishing stress—energy
tensor in 2008 [42]. The derivation given in this appendix will employ straightforward
but tedious tensor operations, and for a non—zero stress—energy tensor. We have
defined the GBSSN variables in Sec. 2.6.1. In this appendix these variables are
differentiated, and using ADM equations (2.84,2.85) results in the GBSSN evolution
and constraint system. The straightforward but tedious approach was also used
by Refs. [43, 44], although for brevity few details were given. To the best of my

knowledge this is the first time these steps have been spelled out in detail.

A.2 GBSSN Evolution and Constraint Equations

We begin by deriving evolution equations for the determinant of the spatial metric,
v = det(7;;), and inverse metric 7. From the ADM equations, 7 evolves according

to

1 ..
L,Iny/y = 57”571%‘3' =-K (A.1)
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and the inverse metric satisfies

ﬁn,yij — (na,yij o ,ijni o= 'yiknj ;k)
= — (0¥ + n¥)

=2K", (A.2)

These two equations will be used frequently throughout this appendix.

A.2.1 GBSSN Constraints

The ADM Hamiltonian constraint (2.85a) can be expressed with GBSSN variables

after rewriting the term K;; K as

. _ 1 . 1 .. o 1
KKV = <Aij + E%K) (A” - gﬁ”K) = A;; A7 + gKQ, (A.3)

which gives

o 2
H =R- AijAZJ + §K2 == 167Tp (A4)
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The contravariant momentum constraint (2.85b) MF¥ can also be expressed with

GBSSN variables

= D; K% — 4D, K
) 1 . )
=D; (AJ’“ + gwK) — ¥ DK

— DAk — gfy’”DiK. (A.5)

Multiplying by x~" and integrating by parts leads to

. _ 2 ..
8mx "j* = DjAR 4 n ATy — gﬁleiK. (A.6)

Next the covariant derivative of Ajj is rewritten as

D;AM = 9;A¥ 4+ Tk A" 417 AF

_ o aki | ani [Pk n
= ;A4 + AV (T, = %

—in (=i Mg : .
+A (F;" - §X ! [6]]')(7" + ¢’ nX.g P)/] ’yan,m})

= 0,48 + AV, 4 AT, — 2o (447 + 248y — AP )

X [5ij,n +0% X, — 7km7jnxvm]>

o o 5 _
= 0;A% + AMTS + AT — n§X*1Ak"X7n. (A7)

Noticing that 37™ [Fum.j — Yjnm] = 0, the term flk"fin becomes

AknJ Akn ]'—'m— = = ]'_n =
AR = AR ?yﬂ Yomg + Vjmm — Vinm)| = §Ak Onln?y. (A.8)
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Finally, the momentum constraint is

. . AU B 3 o 92
Xﬁan == 87TX7an = 69-14” —+ Ak‘]F;k + §A”8jln’_y — nﬁxilAZ]an — §’71J8]K

(A.9)

Additionally, a new constraint arises from the introduction of conformal connection

functions

G'=T"—5*T",. (A.10)

A.2.2 Evolution Equation: Trace of the Extrinsic Curvature

First we derive the evolution equation for the extrinsic curvature trace K
LK =v"L,K;; + KL,y =1+11I. (A.11)
The first part may be found by contracting the components of ADM equation (2.84)
I=— éDZQ + (R —2K"K;j + K*) + 47 (S — 3p) . (A.12)
Using (A.2) we find
Il =2K"K,. (A.13)
Adding I 4 II, and using the Hamiltonian constraint (A.4) yields

o 1
LK =~ Dot DAY + K2 44 (S + p). (A14)
«
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A.2.3 Evolution Equation: Conformal Factor

First write x = (7/7)"®" (cf. Sec. 2.6.2), then compute the Lie derivative as

1 _
B 1
-~ 3n

1
=3, [L,Iny — 2L,In\/7]

[Enlnﬁ/ - £n1n7]
— £,y + 2K] (A.15)
- 3TL n A1y ) .

where Eq. (A.1) was used in the last line. Taking a derivation of the natural logarithm

produces the desired equation

Lox = 3% (Lolng + 2K) . (A.16)

A.2.4 Evolution Equation: Conformal Spatial Metric

Using the evolution equations for x and ;; results in

L5 = Vi LaX" + X" Lnvij
=YX Lax — 2} K
1_ _ = 1_
1 _
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A.2.5 Evolution Equation: Traceless Part of the Extrinsic

Curvature

Taking a Lie derivative of Eq. (2.89) with respect to the normalized timelike vector

n produces

1
L,Aij = L, Kij — 3 (Vs Lo K + K Ly7i5)

1
=——D;Dja+ R;; — 2KikKkj + KK;; — 81S;; + 4175 (S — p)
a

1 1 o 1
3 (%’j [—EDQQ + A, AT+ §K2 + 47 (S + p)] — QKKZ-j) . (A.18)

With the Hamiltonian constraint (A.4) we remove g (A, A™" + 167p). Many of the

remaining terms group into the trace—free expressions

1 1 1
—a (DiDjOé)TF = —EDZ'D]‘O( -+ 3—Oé’7ijD206 (Alg)
1
1

which gives

1 1 5)

T T 3



Using

K K", = Ky Ko
1 e 1
= | A+ §%’kK Y Amj + g’ymjK

1 1
= (Aik + g%’kK) (Akj + 5(5ij>

1 1 1

2 1
= AikAkj + gAin + §%’jK2

we may write

1
3

)
k
—2K K" — -

Finally, we arrive at

1 1 TF
LnAz’j = gKAU - 2AikAkj + (RU - aDiDjOé - 877'52‘]') .

1
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(A.23)

(A.24)

(A.25)

A.2.6 Evolution Equation: Conformal and Traceless Part of

the Extrinsic Curvature

With the evolution equation for A;; at hand, straightforward computation reveals

1 B o 1 TF
= nAinn_lﬁnX + gKA,L] — 2AlkAkJ + Xn (R” — aDiDjOé — 877'52‘3‘)

1. B o 1 TF
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A.2.7 Evolution Equation: Conformal Connection Function

Care is required when deriving an evolution equation for I'¥ which has no definite
tensorial type. Introduce 50 = oL, = 0,— L, and note that 30 and 0; commute [11].

We now compute Jol as

00 = by [772 (7297) ]

i A L ipsin i s
Y2 Oy + A (57 1/2W307+71/230W) . (A27)

s

1
2
The first term simplifies as

L2 212500\ A= L 12 120\ A s L1mid 1o~
-1 3/2 (71/27]% Oy = ~57 1/2 (71/27y)7j dolny = §P Ooln?y. (A.28)

Using £,7Y = —%ﬁ"j L,Iny + 2AY the last two terms are

2]

1 i imA 1 yiin 1 o -
(57 1/279607+71/2807]) = (57 V239007 + 712 [—57‘7501117+204AJ})
7j
Lo2mijas _ L1208 105 _1/2 Fij
=37 801n7—§7 ¥ 0lny + 20y /<A
7j
1 A .
= (6#/ 254 9olny + 207" QA”)
7j

Uy fovn N L e i
=7 (v Jaohw) St 6771 /231 9515

+ 2a’_yl/2zzlg + 20471]/2/7127 + 2a’j’_yl/2[1ij. (A.29)
The divergence of A;; can be removed by using the momentum constraint (A.9)

A . 1-.4 1 N
—80FZ = EFlﬁglnfy + 6 <ﬁ”001n'7>

7j

1 A . .
57 VAP Oy + 20722 AT 4 20, 4D (A.30)

S 1. 3 . 2
+2a {Smﬂ J = AT, — S AT O, Sy A+ SO



The fourth and eighth terms cancel while the second and third terms are

N 1 N
(790nm7) + G5 g =

| =

éﬁfjéom + éﬁijajéohﬁ + Tll—lﬂﬂ"jc%ln? =
é’yij ; 00l — éfia})lm.
We finally arrive at
dol* = —éFi(%lnﬁ — %Wijﬁjéolnf_y — 24" 9;a

. . 3 . 2 .
— 2« 87TX7an — A”Ték + n§X71AZJan + g’?glﬁjK .
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(A.31)

(A.32)
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Conditions
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The jump conditions’ (4.19) derivation is as follows. Using the selection properties

of §'(u) as a distribution, we first rewrite (4.1) as

—OPU + 00 = V(1) = fy(t)F(t,1,(t))8"(r — 1(t))

+ LGt 1p(1) — go(t)F(t, (1)) — fp () Er(t,7(8))]0(r — 1p(2)),
(B.1)

using the shorthand notations from (4.20). Next, with L for “left” and R for “right”,
we let

U(t,r) = Uk(t, r)0(r,(t) — 1) + Th(t,r)0(r — (1)), (B.2)

where the step function 6(u) obeys 6(u) = 0 for u < 0, and #(u) = 1 for u > 0. We

view the functions U as everywhere satisfying the homogeneous PDE

— PUER L 2UbR () UhR =, (B.3)

even across the particle location r,(t).

To complete our derivation of (4.19), we calculate the distributional derivatives
of ¥ as given in (B.2), insert them into (B.1), and then compare terms. Using
0/0x = f0/0r, the identity 0'(u) = d(u), and the argument symmetry of 6(u), we

first compute

0,0 = WEO(r,(t) — ) + WEO(r — 1,y (1)) — FULS(r — (1)) + fURS(r — 1,(2)), (B.4)

where on the right-hand side we have switched to subscript notation for partial
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derivatives. The second z-derivative of (B.2) is then

Oy = Wy, 0(ry(t) — 1) + U 0(r — (1)) = 22 W76(r — 1y(t)) + 22 W5 (r — 1 (¢))

= [IOES(r = rp(8) + LU (r — (1)) = F2UEG (1 — 1y (1)) + fPOIE (r — 1 (1))

(B.5)
Expressed compactly, the last formula is
070 = Uy, 0(ry(t) — 1) + U 0(r — (1) + f () [T ]| 6(r — 7y (2))
— Lo gp[[¥]]0(r = rp (1)) + £ (O [[¥]] 0" (r = 5 (#)), (B.6)

where the definition (4.21) is here [[U]](¢) = WR(t,r,(t)) — ¥E(t, r,(t)). To reach
Eq. (B.6) from the previous line, we have used the selection properties of §'(u). Next,

we similarly compute

0PV = \I/tLtG(rp(t) —r) 4+ UEo(r — (1)) + 27'“p\IJtL(5(7’ —rp(t)) — 2fp\I/tR5(r —1p(t))
+ fp\I/L5(r —rp(t)) — fp\I/R5(7’ —rp(t)) — 7'“§\I/L5'(r —rp(t)) + fZ\I/R5’(r —1p(1)).
(B.7)

The last formula may be written in the succinct form

Of W = Wyf(ry(t) — ) + Wyb(r — (1)) — 2 (t) [Le]]0(r — 7,(1))

— (&) [0 (r = (1)) = (O[T, ]} (r = p(0)) + 75 (O [ W] (r = (1)),

again by using the properties of ¢’(u). Finally, with 0, [[\Ifﬂ = [[\I/tﬂ + 7,(t) [[\I/Tﬂ,



216

we rewrite the last expression as

0PV = \I/tLtH(rp(t) — )+ UHo(r — rp(t)) — 27,(t) (Gt [[\Ifﬂ) d(r — (1))

— 7p(t) [[\Ifﬂ d(r —ry(t)) + 7*2(75) [[\Ifrﬂ S(r—ry(t)) + 7*2(75) [[\Ifﬂ 8 (r —ry(¢)).
(B.9)

Substitution of (B.6) and (B.9) into (B.1), along with the fact that U# and ¥’ solve

the homogeneous PDE (B.3), then yields Egs. (4.19a) and (4.19b).
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C.1 Problem Setup

This appendix presents exact solutions to the distributionally forced 1+1 wave equa-

tion. Precisely, we consider the equation
— OM + 020 = G(t)0(x — vt) + F ()0 (x — vt), (C.1)

where either F(t) = 0,G(t) = cost or F(t) = cost,G(t) = 0. In analyzing both

cases, we make use of the following distributional identities:
Oy|u| = sgnu, Oy sgnu = 20(u), (sgnu)® =1, (C.2)

with sgnu = u/|u| the sign function. Throughout, the particle location z,(t) = vt

has linear time dependence, with corresponding speed |v| < 1.

C.2 Solution for F(t) =0, G(t) = cost

Following analysis similar to that presented in Section 4.2.4 [or by substituting the
correspondences x,(t) = r,(t), v = r, f(r) =1, f'(r) = 0, and #(¢t) = 0 into the
general jumps (4.19)], we find the jump relations

(o], =0 [, ,=cost,  [A¥],_, = —cost,  (C3)

=vt

—-1/2

where v = (1 — v?) is the usual relativistic factor. The particular solution

U(t,z) = —1sind, ¥ =t —zv — |z — vt|) (C4)



219

to Eq. (C.1) possess the jumps listed in (C.3). Using the identities (C.2), let us
verify that (C.4) indeed solves (C.1) for F'(t) = 0 and G(t) = cost. Straightforward

computation of the first and second order t—derivatives yields

00 = —142[1 + vsgn(z — vt)] cos v (C.5)

0PV = L1 +vsgn(x — vt)]? sind + v**6(z — vt) cos V. (C.6)
while for the x—derivatives we similarly find

0,V = 1+2[v + sgn(z — vt)] cos ¥ (C.7)

02V = 1ot v + sgn(z — vt)])? sin ¥ + 420 (x — vt) cos V. (C.8)

Forming —0?V¥ + 92V = §(x — vt) cos ¥, we then appeal to the selection property of

the delta function in order to reach the desired result, —0?¥ + 0?¥ = §(x — vt) cost.

C.3 Solution for F(t) = cost, G(t) =

The jump relations for this case are

(U], = cost, [[0.9]],_, =2vy"sint, [[00]],_, = =(1+v")y"sint.
(C.9)

Now a particular solution to (C.1) is

U(t,z) = 37*[v + sgn(z — vt)] cos ¥, V=Vt —zv — |z — vt|). (C.10)
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To verify that (C.10) indeed solves (C.1) for F(t) = cost and G(t) = 0, we first

calculate

OV = —19%20 + (1 4+ v*) sgn(z — vt)] sin g — vy*§(z — vt) cos ¥ (C.11)
O}V = v*2 (z — vt) cos ¥V + 7 [2v + v + v? sgn(z — vt)]§(z — vt) sind

— 139830 + v + (3v® + 1) sgn(z — vt)] cos ¥, (C.12)
and then likewise compute

9,V = *§(x — vt) cos ¥ + 1441 + v* + 2vsgn(x — vt)] sin 9 (C.13)
0P = 4%§' (x — vt) cos ) + v*[3v + sgn(x — vt)]d(x — vt) sin ¥

— 37°[Bu+ v + (3v® + 1) sgn(z — vt)] cos V. (C.14)
Combination of Eqgs. (C.11) and (C.13) yields
— O}V + 92U = §'(z — vt) cos ¥ + v*[v + sgn(z — vt)]§(z — vt) sin . (C.15)
By the selection properties of ¢’(u), we have
§'(z — vt) cosd) = §'(x — vt) cost — ¥*[v + sgn(x — vt)]§(z — vt)sint. (C.16)

Substituting this result into (C.15), using the selection property of §(u), and realizing
that §(u)sgnu = 0 by symmetry, we arrive at the desired result, —0?¥ + 9°¥ =

§'(x — vt) cost.
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D.1 Regge-Wheeler Equation
Subject to the Ansatz that the solution v is time-independent and in terms of the

dimensionless variable p = (2M)~!r, the homogeneous Regge-Wheeler equation is

[83]

- (1—1> o= Ty V(Hl) +5} V=0, (D.1)

p? p?
where © = 1 — 5% in terms of the spin j = 0,1,2. For gravitational perturbations
7 =2, but we leave y unspecified for the time being. Expressing the equation in the

form

1 0+ 1)p+k (D-2)

-y =g

we find that it has regular singular points at 0, 1, and oo, as well as the associated

Riemann-Papperitz symbol [161]

0 1 o0
v=Pq 1+7 0 —(L+1) ;p ¢- (D.3)
1—7 0 l

To obtain the standard normal form, we let v = p!™u, so that

0 1 00
u=Pq¢ 0 0 —l+3 ;p (> (D.4)
-2 0 £+7+1

where u satisfies the hypergeometric equation

p(l —p)u" +[c— (a+ b+ 1)plu’ — abu = 0, (D.5)
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witha = =0+, b =0+ 41, and ¢ = 1+ 2. As one of the two linearly independent

solutions based at p = oo (chosen to be the second), we may take

us(p) = p TG (0 g+ 1,0 — g+ 1520+ 1);p7 ). (D.6)

Expressed in terms of the original dependent variable, vy = p'™us, this solution is
our axial/right solution vy(p) = v (p) given in (5.10b). To obtain series solutions
based at 1 which are nevertheless valid on (1, 00), we follow Leaver [144] and consider

the transformation n = (p — 1)/p. Then with w(n) = v(1/(1 — 7)), we get

w”" +Pnw'+ Qnw =0

D.7)
13y 00+ 1) + k(1 — 1) (
Pl = L Ofn) = - ,
) n(1—n) ) n(l—mn)
which has the P-symbol
0 1 00
w=P¢ 0 —(l+1) 147 5m ¢- (D.8)
0 l 11—
Now let w = (n — 1)% so that
0 1 00
y=Pq 0 0 1+0+) 5n (D.9)
0 —(20+1) 1+0—
solves
n(1—n)y"+[C—(A+ B+ 1)y — ABy =0, (D.10)

with A=¢—7+1, B=/(+j+1, and C = 1. Therefore, we choose v;(p) = v (p)

given in (5.10a) as both a first linearly independent solution and the axial/left one
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of interest.

D.2 Zerilli Equation

In dimensionless form, the time—independent Zerilli equation is

B (1 B 1) o %U, N {SnQ(n +1)p® + 12n%p* + 18np + 9

37 v=0, (D.11)

again where n = (¢ — 1)(£ + 2). In standard form, the equation is

V" + P(p)v' + Q(p)v =0, P(p) = ﬁ

8n2(n + 1)p® + 12n2p* + 18np + 9
2p—1)(2np T 37

(D.12)
Qp) =

This equation has regular singular points at 0, 1, co, and —3/(2n), with the following
associated pairs of indicial exponents: {1,1}, {0,0}, {¢,—(¢ + 1)}, {2,—1}. The
general second order homogeneous ODE with regular singular points at zg, 21, 29,

and oo has the form y” + R(2)y’ + S(z)y = 0, with

R(z) Ao Ay A,y
Z— 20 Zz— 21 zZ — 29
D.13)
B B B C C C (
S(Z) _ 0 + 1 + 2 + 0 1 2

(z—20)2  (2—21)% (22— 29)? z—zo+z—zl+z—22’

where the A;, B;, and C; are all constants subject to Cy + C; + Cy = 0 and the
requirement that for each ¢ = 0, 1,2 at least one member of the triple A;, B;, and
C; must be non-zero (for otherwise z; would be a ordinary point). By expressing all

constants A;, B;, C; except Cj in terms of the indicial exponents {{)\k, ANtk =



0,1,2, oo}, we find

I—=X =X 1=X—=A1 1—=2X—\
_ A 1 L 2 — A2

R(Z) Z— 20 Z— 21 zZ — 29
Moo AL Ao
S p—
(2) (z—20)%2 (z—21)% (2—29)?
Moo Ase — AoAd — MAL — A \b
(2 = 21)(z — 22)
T 00(20 - Zl)(ZO - 22)

(2 —20)(z — 21)(2 — 29)
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(D.14)

Here —Cj is the accessory parameter [203], and the generalized Riemann scheme

[203] associated with the equation is

20 21 %2 0.9) y R
Ao AL A A 5=
A0 AL A AL

(D.15)

The notation is similar to the P-symbol, but also indicates the type of singular points

in the first row (regular singular points are indicated by a 1). We find the scheme

for the specific case of the time—independent Zerilli equation (D.11).

(D.16)

Upon transforming the ODE specified by (D.14) to normal form, we find the new
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accessory parameter

AN =1)+AA0—1)  A(Ao—1) + Xa(A5—1
g=—Co+ 0(A1—1) + A1 (Ao )+ 0(A2— 1) + Aa(Xd )’ (D.17)

20 — <1 20 — <2

as well as the transformed scheme

1 1 1 1
z z 2 00 (2
’ ' ’ (D.18)
0 0 0 /\oo+)\0+)\1—|->\2 yq
A=A A=A A= Xy A + A0+ A+ X

With the assumptions 2z = 0 and z; = 1, this scheme corresponds to the Heun

equation G” + P(2)G’' + Q(2)G = 0 in normal form, where

d l+a+b—c—d
_I_

P(z)=—-+
z z—1 Z — %o (D.19)
Q)= -
(z—=1)(z—2) z(z—1)(z— 22)
Here the transformed scheme
1 1 1 1
0 1 29 o0 3z
(D.20)
0 0 0 a ;q
l—c 1—d ¢c+d—a—b b

is expressed in terms of the constants a, b, ¢, and d which may be related to the
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above exponent pairs { A, A, }. The normal form of (D.11) then has the scheme

11 1 1

01 —=3/(2n oo
/(2n) p (D.21)

00 0 2—(¢ ;1—4n/3

0 0 -3 (+3

While the preceding analysis both addresses the structure of the time-independent
Zerilli equation and reveals the asymptotic behavior of the solutions near any given
singular point, it does not provide concrete analytical expressions for the solutions

polar

vy p considered in the main text. To obtain such expressions, we use the intertwin-

ing operators [12]

(o4 (2, Blp=1)
Di_(l p) dpj:{g ( +1)+p2(3+2np) : (D.22)

axial

Using our earlier solutions vF% (p) to the time-independent Regge-Wheeler equa-
tion, we then get corresponding solutions vg?llgr(p) = D, v¥E(p) to (D.11) by direct

application of D, and the identity

d b
EgFl(a,b,c,z):%QFl(a—i—l,b—i—l,c—i— 1,2) <D23>

Therefore, we have also expressed the relevant polar solutions in terms of the Gauss—
hypergeometric function oF;. The analysis above then shows that we are likewise
able to express solutions to a particular instance of the Heun equation in terms of

hypergeometric functions.
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This appendix analyzes the matrix A(u) appearing in (6.9) in order to construct the
characteristic fields (6.13). In matrix form the sector (6.7) of the principal part of

(6.9) reads as follows':

K A
A 0 8 0 Zgmoxza —zX &5 —3x 0 A
K o0 B 0 0 0 0 —-X 0 K
b 00 _3426:7 CHY 6(9’3;)2 395;9w 0 3;; I
Gl @ | =0 0 Fex 0 g X B 0 k|| @
Qg,. 0 =22 0 0 0 35 - 0 g, Qg,.
Qo 0 @ 0 00— 10 —3gp | | Qu
Qu 00 -2 0 0 0 0o A 0 Qu

| Qs 20 0 0 0 0 0 0 B || Qs |

(E.1)

which defines the matrix A(u) appearing in (6.8), and so also the matrix A(u) in (6.9).
Note that in the last equation the matrix within the square brackets is —A(u). For
certain configurations of u and A, the system (6.9) is strongly hyperbolic [110], that is

A(u) has a complete set of eigenvectors and real eigenvalues. Indeed, five eigenpairs

!"We remind the reader that in Chapter 6 g,p is used for the spatial metric and conformal
quantities have no ‘bar’ (cf. footnote 1).
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of A(u) are trivially recovered upon inspection of A(u)’s leading 5 x 5 diagonal block.
These correspond to eigenvalue 0 and the left eigenspace {{; = ejT 1 < j <5}
where e; are the canonical basis vectors. Since each component of u arises as e;“-FW,

each is also a characteristic field.

The remaining nine eigenpairs are determined by A(u). The eigenvalues of A(u)

are

, . 2ary
,LLl:O, /~L2,3:_ﬁ7 /Lit:_ﬁ :l: g )

(E.2)
+ T X + T >\
pE= a2 =gt |2

Grr Grr

and the corresponding left eigenvectors are

Grr aV/Agrr B g
2ax =A)" 77 8(B7ger T VAGrr)

B Grr ax grr)
_ , Yt E.3f
4999(ﬁrgrr + v )‘grr) (200( - )\) A ( )

where for example x?fl(u) = ,ug[xg[ Assuming that g,., gee, X, and « are every-

€T = (Oa 070707()’9997297‘7‘7050) (Ega)
2 1 1
To = (07070797"7‘7_7_ 7__7070> (E?)b)
X 290 Yoo
Grre 2 1 1 >
r3=|--—7,0,0,0,—, — ,——,0,0 E.3c
’ ( A X 29 Yoo (E:3c)
200Gy,
o= (o,o, 4,229 60,00, 1,0) (E.3d)
X
3 G 1 1 1
+ rr
x5 = | 0,F , £2 _7297‘7‘7_>__?_7070) E.3e
° ( vV 9rrX X X 9rr  Goo ( )

where strictly positive, the eigenvalues are real and the eigenvectors are linearly
independent provided that (6.14) holds. These eigenvectors are easily extended to

eigenvectors of A(u), e. g. as 5 — (01x5, 27 ). Then, for example, the characteristic
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field

X&E = (0145, 75)W = 25 Wy, (E.4)

and similarly in = :L’j[WU:Q for j = 4,5 and X, = x;W,.q for £ = 1,2,3. The
characteristic speeds for these fields are p and ,u;t. With this convention the speeds

listed in Table 6.1 correspond to the X} and in in (6.13).
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F.1 Problem Setup

A conformal-traceless decomposition of each spacelike 3—surface’s geometry is pre-
sented in Section 2.6. Variables associated with this decomposition satisfy the GB-
SSN evolution (2.91) and constraint (2.92) equations. We now carry out a reduction

of the evolution and constraint equations for a spherically symmetric spacetime,
ds® = —a?dt® + x5, (dr + B"dt)* + x " 'Ye(db? + sin® 0d?), (F.1)

along with the spherically symmetric Ansatz:

Tr 1 0 0
r = —cos0/(Jegsin®) | > Ap =410 —o0/ (2%+) 0
0 0 0 —Y60 sin” 0/(2%+)

(F.2)

for the conformal-traceless extrinsic curvature and conformal connection functions.
The GBSSN system variables are X, ¥y, Y09, A, K, I, o, 87 and B", and all
are functions of ¢t and r. Then the non—zero conformal connection components are

computed as

r ’71/"7' 0 ’7&6 B ﬁé@ r ’7&9
T o= FGT = 5% Fir ~ 95 FG& 95
2%,y 2709 2700 2rr
- - - - 0
F;d) = 3111291“};97 F2)¢ = —sinfcos¥, Fge = %- (F3)

Here, and throughout this appendix, the prime stands for partial r-differentiation.

Recall that the conformal metric’s determinant evolves according to a Lagrangian

condition (see Sec. 2.6.3). In spherical symmetry and expressed with the GBSSN
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system variables, this condition is

al,ny = —2D,f* = =2 (0,4 +T;,5°)
VB 278"
Yrr Voo ’

= —2p" — (F.4)

where the Lagrangian condition d; (Iny) = 0 has been used in the first equality.
Eq. (F.4) will be used to replace £,In% throughout the GBSSN system (2.91).

F.2 Physical Ricci Tensor and Scalar

In this subsection we seek expressions for RF and R with conformal (GBSSN)
variables. To accomplish this task, we first construct expressions built from physical

variables and later substitute for the conformal ones.

Components R,.. and Ryy are directly computed via the spatial (i.e. Latin index)

version of (2.15):

R.— _Juw (r%,)? — 227 1,
Yoo Yoo
" /1 \2
_ oo I (7992) n Vo Voo (F.5)
Yoo 2V 2Vrree
1 1 Y66 (10 6 \2 Vrr
Roo = —=7""Yp000 — =7 Voo + o) + <F ) —T7 Ty — Iy
9 ¢, 9 9o T Yor ( 0) 0 09 Voo ( 99)
1
-1 Yoo 4 frr 768 77‘7“’709 (F6)

- 2% 47rr



Noting Ry = sin? @ Ryg, we compute the Ricci scalar as

R, R
+2%
Vrr Yoo
o~ /2 oA 2

_ “e + (780) +’Yrr790 +

R =

VYoo 2VerVee  VEYeo Voo

Comparing (F.7) and (F.5), observe that

1 (’7&9)2 Yrr
Rrr = 3 rrR + -
2 ! 4739 Yoo

which allows the trace—free component to take on a particularly useful form

1 (vhe)”
R?EF:_TTR—i_i_ﬁ-
6/ 2 e

Finally, substituting for conformal variables produces the desired result

9~ ~1 \2 1 =/ 92 DIV 5 (v 2
R—— 799X+(790) X+7rr799X+_X+ X (X' 19
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(F.7)

(F.8)

(F.9)

le?é@ . X/’j/'r/"'r

YerYoo  2VeVay  VEYee  Veo  Ver 29X Yoo Vrr

VR — 00X (o) X | FrooX _ 2% X" () X'Too X
300 3V 6% Y00 30 3 6x 600 6%
(F.11)

32
(F.10)

These expressions are substituted for the appropriate terms found in the Hamiltonian

constraint equation and the right—hand side of 0; A,..
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F.3 Reduced Constraint Equations

The Hamiltonian constraint (2.92a) is found using an expression for the term

34,2
T (F.12)

A2 = (774" + (%) + (% Aue)’ -

along with the Ricci scalar (F.10). To recover the r-component of the covariant
momentum constraint, first apply x7y,» = 7 directly to (A.9). Carrying out the
tensor operations, while noting A"9;Iny = A"57%0,7,1, gives the desired result.
The conformal connection function constraint is easily computed from the conformal
connection functions’ definition (2.90) and constraints (2.92¢). Subject to spherical

symmetry, the GBSSN system constraints are as follows:

3A2 2K?  5(x)? 2" 2 22X
R ]

2%"7‘ 3 2X7rr Yrr Yoo Yrr Y06

1=/ ~! =1 I =/ =~/ \2 (F13a>
L2 X0 XV X (Vo)

WTT’_}/GG' ’737"709 ,_}/7?7" 2’_}/"'7"/739
— i 2K’ — 3A7’7’X/ 4 3A7“7’/7é0 . Arv"’%/*r

H:

M, =" — — — — F.13b
Yrr 3 2X'7rr 2/7r'r’709 737« ( )

gl Yo =
Gr=—— 4 0 T (F.13c)

2’77% ﬁ/rr ’799

These expressions agree with the ones listed by Brown in [12].
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F.4 Reduced Evolution Equations

F.4.1 Trace of the Extrinsic Curvature

Consider the K component of (2.91). We seek to express
D'D;o = ’yiijDia =AY [@-&-a — Ffj@ka] =~"0.0,a0 — ’yijffjara (F.14)

with GBSSN variables. The relevant connection components are found with the help

of (2.87)
T T X, r r X/:YTT:VGG T 3 A
FT"V‘ = FT"V‘ - Ev FO@ = FGH + T, F¢¢ = SIII2 QF%, (F15)
and we have
~/ ~/ /
D'D,a = _la” — (X’_Vgr — _X’V_@g + >_< ) o (F.16)
77"7’ 271”1” 79977“7‘ 271”1”

Noting Eq. (F.12), the spherically reduced equation for K is

1 3A 2
K = -—aK?>+a—"_ — X

3 29 2 T
Ve X7 X (.17)
+< T S0 4 2 )o/+ﬁTK’+47r(S+p).
2%"7“ Y00 Yrr 2%“7“
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F.4.2 Conformal and Traceless Part of the Extrinsic Curva-

ture

Next, consider the A,, component of the system (2.91). The first three terms are

straightforward to compute, while the D!D;a piece of the tracefree term

1 .
(D,D,0)"™ = D,D,or — D' Dia
:a//_(V_q/"r_ll)a/_h{_la//_(x;ér__x,yée+ )_(I)O/}
277‘7" 2X 3X Yrr 2’)/7'7' Yoo Yrr 2’)/7‘7'

2 " < ’7/ 7;)0 2X’> /
=sa + |-t |« F.18
3 3’7”" 3706’ 3X ( )

is expression (F.16). By adding a multiple of the conformal connection constraint’s

derivative (F.13c) to YR (given by (F.11)) we may change the principle part. Using

=

Fr_ e e G () Tee

o ool 2 J00)  J00 T (F.19)
273r VrrY06 rygr 77”7“7929 772‘7‘/7'99
YR is rewritten as
RIF — 2X(7§r)2 B X(7_529)2 CW)? n E%XFW B X?;r?é@
35 3Va0 6x 3 2%+ 00
Yo X eeX XV XTg0 29X, X
o Tf o 6_9 - _rr + _99 o 1‘7’ 4+ 2 (FQO)
6% 670  3Ver  3Vee  37es 3

Bringing together these results, we arrive at an expression

a TA 4 T/ BT’YTTATT BT/YHGATT QO[X(/%/"T)2 (XX(’759>2
t<4 ey 5 5 ﬁ - - + =2 B ~2
3 3Vrr 300 3V 30
_alx)? 2 L X Voo, XTer | XTpp® 0T X!
6X 3 e 2:}/7’7“’76’9 3’77’7’ 37@9 @77"7"
C X 2 X2 e 0N 0Ty 204
3
27

6’799 3 3 3?1"1" 3:}/99 Vrr

Vrr XX
300

+ KaA,, — — 8max S (F.21)
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which describes the evolution of A,.,.

F.4.3 Spherically Symmetric GBSSN System

The remaining GBSSN equations (Lagrangian choice for £,In¥) readily reduce to

spherical symmetry using the results of this section, and we arrive at':

O = 7 — 2aK (F.22a)
3
08" = BB + ZLBT (F.22b)
0,B" = B"'B" + 0" — BT —nB" (F.22¢)
2 B X 285X 2 0
ox =0 +=Kax — L — —=[""x F.22d
' 3 377"7“ 3/760 3 ( )
_ 2_7"7" T~/
at:yrr = BT77"7“ + ’yrr‘ﬁw 2Arra - m (FQQG)
300
Arr’Yeeoé Yoo B Ny 2_ .
0 = = — T — " F.22f
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For this system the determinant 7 = ¥,..(79¢)? sin” @ is not unity.
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To keep with convention, I'" has been removed from the right hand side of the 9,I'"
equation using G" (F.13c). The vacuum Egs. (F.22d-1) are recovered by the condition
jr = SiF =85 = p =0, these are precisely Brown’s Eqs. (9a-f) listed in [42] and
subject to the Lagrangian condition (corresponding to v = 1 in Brown’s equations).
The first three equations (F.22a-c) comprise the gauge sector, these are spherically

symmetric versions of the standard 14log and I'-driver conditions.
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